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PREFACE. 


As this work contains a great number of Integrals fully 
worked out, the Author hopes that it will considerably facili- 
tate the progress of those who are entering on this branch 
of study, by showing them almost all the artifices that are 
used in those branches that come within its scope. 

The works that have been consulted are those of Peacock, 
Gregory, Hall, De Morgan, Young, and various mathema- 
tical periodicals; also the excellent little work on the Cal- 
culus by Mr. .Tate, which, like all the productions of that 
eminent writer, abounds with useful information, apart from 
the able manner in which he has treated the first principles. 

Where integration by parts is used, the whole process 1s 
put down, but the student should endeavour as soon as pos- 
sible to acquire the facility of running off the quantities 
without writing down all the intermediate steps. 
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CHAPTER I. 


ELEMENTARY INTEGRALS TO BE COMMITTED TO MEMORY. 
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dx 
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Examples for Practice. 


(1) (a+ ba)da= ct 


(a + ba*)*. 
80 


3.) (4+ b2°+¢2*) (Bea +2bzejda_ (at+b2’+ex'f 
oy f CEE te he toreet ee) 


(2.) Jf e(a+ ba?) *dz= 


iy ee =p fg) 


we 
0 24 Op8 
(5) f. (a + be)edz= oe 


Gay eee +4+2)dz = (a + 4/ at A). 








Ja +4 
(1) f EAS os PTH 


(8) [Ca 4+ ba?)?.2abda = a 


6 EXAMPLES ON THE 
3dz2 eres 
= 2 469, 
OS Ta Fiiae 7 TF 
ae az _w eee 


(82 + 2Mdz : 
a fe = 2V e+ 2 


Rzdn 1 
(12. | aay +12 ob 1 
1 aaa aasae 
a3) f/— = log Sat ba. 
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(2.) To find treat eae Le 


OY 


aerrtha tea kel tpt eget 
(2 + 4)?(@+ 2)? (w + 4)? Tea (7+ 2) 9 a+ 
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D (2+ 2) (a + 4). 
Let 7+ 2=0, vw=—2, vw? =4, and C(v#+ 4) =40 
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Let @+4=0, .. v= —4, 2? = 16, andA(#a+2yP=—44 
A == 4, 
.@— (#+4)?—4(¢+4 2) = —4 fae + 6x + 8} 
=—4{(#@+ 2) (r+ 4), 
= Bia +4)(@# +2)? + D(#+2)(@+ 4)’, 
. —~4—=B(a# +2) + D(a + 4). 
Letz=—2, « —~4=2D, «. D=— 2. 
Letw=—4, .«. —~4=—2B, «. B=2. 
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In the same way, 


dz  —! 
Sarita 


baa {_* Z 1 _ be+12 , 
~ la+4 alin e+ 6a +8) 
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a4 (a? + 4) = B(a? +1), 


ig 1 
etVese@ s+, 


hea of teat ae ea 


=) lo + @) meres) 


1 2 
aa on! -_] 
=; { 2tan 9 tan o} 





if» 
CO] pm 


Or thus fc a ha 
"J(e@+1)(2+4) 8) (24+ 1) (2 4+ 4) 


=; fie + 4)} de 
(+ 1)(@+4) 


_ 1 ( Adz ax ) 
=3/ (+4) w+) 
— : (2tan= ~~ tan ) 

3 Q 


(82° + 42— 2)dx 


(5.) du = Gay Gea) 


INTEGRAL CALCULUS. 1] 


(32° + # — 2) 
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+ P(#—1)'. 
Let z2=1 o QoeQA, . AztI, 
32? + @—2— (a? +1) =B(#—1) (a +1)+ C(e— 1) (2 4-1) 
+ P(e—1), 
*. (22+ 3)(¢@—1) = B(w— 1)(@? 4+: 1) + C(a#— 19 (2? 4-1) 
+ P(z#—1)’, 
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3.1 a2 oy 
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.l—-a#+2=A(1 +2") 4+ B(1 42) 
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Let # = — 1, « B=o=—l, 
. —=(8 +474 8242) + (l +2742) = 
C(l+a2)(l+2+4+2")+P(1+ 2) or 
—(24+824 2242") =C(1+2)(1+2+42°)4+P(1 +27 
—(2+%+2") (14+2)=C(14+2) (1+e+4 2") +P(142)? 
—Q+a+2e)=C(l+u+2)+P(14+2) 
ct==—l], , Cx — 2, 
—(2Q+24+27)+2(l+2+2@)=P(14+2) 


a(l+2)=P(1 + 2), oP Se, 
, ff. dz - 
fea tera 
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=* J/3 oe es dz 
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Q 1 
ee eee ale : 
3 J 8 f 8 
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J 3 /3 
Or thus, 
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e(l+2)?(l+242°) 
l+a+a°—a—x 1 1 


~ al +ay A+ata") ota) (1+2) (1 +242) 


ee {tet etl 
~ a(l + 2)? (1 +2) (l+a+a%) § 
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1 ] 1 x 


SSeS FT RES = tee 
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z(l+a) (tay ipa? (pape) 


1+2—2 1 1 x 


~a(l+2) 14a) (+a) *Tpope 


ems eee eee | ee $LIST 


~~ @ l+tem (l+eaylo (l+a+42') 





x(1 Saya Cera A 
1 { By t ade 
+1 8 Ue ip yews 
(x +4) — 4) 
And [Oe =| Veta 3) 


Senne Tae 1 2u%+1 
= log./x + a+] ee aa | 75 ), 








. d x Saeed 
Se + @) CL + + @) 


J 2+ x +a 1 n> (=5=-). 


ee et 


J/3 


] 
| ne MD ce 
pee | (2 +1)? /3 


. dx _ dx nee 
(8) [aygoge a =f5 (@ + 1)" (@ +1) (@—1) 


1 
a (@ +1) (a +1) (@—1) 





Let 


A+ Bz C. D E P 
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“ 1=(A + Br) (@#—1) (#4+1P e+ 
C(#? +1) (@— 1924+ Da’ 4+ I) (@4+1) (@—1)a+ 
E(@’+1)(@+1)' 2? + P(#’ +1) (+1)? (#—1). 
Let «= 4/—1, 
1 = (A+BV —]) (14+V—1)? (V—1—1)x —V—1= 
(A+BVY —1) QV —1-—2)= 
QAV—1—2A—2V—1B— QB, 
. by equating 2A V — 1 = 2BV—], 
2A +2B=— —1, 


ve L+ ; (27 +1)? (2@—1) a= (2? + 22° — Qa'— 2+ 4) 


=F (a+ 1) (@ + 22¢ — vw — 427+ 4) 
= (#+1) {C(#—1) 2+ D(e4+1) (@—1)2' 
+ E(a# +1)? a+ P(e@+1) («—1)}, 
A 7 (a + 204— 2 — 42? +4) = 
C(@#—1)2#+D(e#4+ 1) (@—1)2@+E(@#+4+1)’2H 
+ P(#+1)? (#—1). 


] 1 
a Ta, = 2C, <s C= a) 
2 4 


Leta = — 1, 


GO + Rat — a doh + do + 2) 
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=i (e+ ot dats 4) =F (041) (at—4a+4) 
= (a@+1){D(e—1)2e°+E(e2#+4+1)2°+ P(e+1) (*#—1)}, 
: hi 4G ed) 
“7 
=D (#—1) +E (# +1) &+P (+1) (w—1). 
Let z= —], 


== 2D, DS 


me) 
| ~o 


ee E agh — 4a+4)— Ct 2°) = — 5 (1a'— 92° +82—8) 
4 8 8 
=— 5 (e+ 1) (72> — 162° + 162 — 8) 
= (a + 1) {Ea + P (x — 1)}, 
oo (1a — 162° + 162— 8) = Ev’ + P(«#— 1). 


Let =], . E= 


? 


OD |b 


ies 5 (82°— 162° + 162—8) =P (x — 1), 


woo (@—1) (~~ a+ 1) =P (#— 1), 
. P= —(2?*—27+1), 


1 1il+2 


re ann mememmmemenercmemrsaraamanenane TSE 
e+ et — g— zx 41+2° 





1 1 - 9 1° 1 1 x—x+1 


"4a ea 6S Te 8 a1 a 
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f: daz __! tala 
; Se a ; l+2 v3 
fa dz 
T+ at ; l+a 


~f%.f8.f2 
+5 /s5- a oh we =f a! 
Qadx 1 ‘dz 1 ax 


5) (oe a ee a a +1) 


1 oo 
+ slog (@ +1) + slog (@— 1) — loge — > + 


1 1 1 1 
ie nares opt ‘a7 ne end 
Qa @ slog 5d aaa iL cae aay EE 


+ = {log (@ + 1)°+log (vw — 1)—log 2°} 


2422-4 42-2? 
= 42°(1+2) 


+ = {log (@ + 1)? + log (@ — 1) — log (1 + a) — log 2} 


tan“! a = Q—22—52x 
4 42°7(1 +2) 
(z+ 1)° cae 1) _i = 
4 log Af G4 DGD ita) 2 — 7 tan~* &. 
ba —Q2Q)d 
OQ) fe 
zv+62°4+ 82 
5a—2Q A B C 
PROS LOS ob eee Tess 


Ba— Qa A(x+2)(e+4) + Ba(e+4) + Cx(e +2). 
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Let z« = 0 — 2 = SA, he ee ee . 
e=—2 —12=>—44B,.. B= 3 

1 

eo —4 a 8C, 2 Oman 


(52—2)dxz 
— a+ 62'+ 8x 


1 Ce 5% dz ll sf dx 
~ 4 x f{s5-cT/s 


1 12 11 
= — 7 loga + 7 log (x + 2) — 7 108 (# + 4) 





ns 92 (@ + 2)? 
4 Sx (@ + 4)" 
(82+ 1)da 
(10.) rear ara 
oa +1 ee B ey C 
we4+Q22 +a 0 2 («+1 a2t+V 


se+1=A(e#+1)? + Bae + Ca(a#+ 1). 
Letaz= 0, l=A, 


3@a@+1—2—2e#—1l=a2(l—2) = Be + Ca(x+1), 
.1l—#=B+C(e+1). 
Letz=—l1, 2 =B, 


“. = (1 + 2) = C(x + 1), C=—]1, 


(8% +4+1)dx _ dz 42 dx dx 
are ie (~ + 1)? Se 
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2 
ete a ee ]) 


x 
sae ee 


az 
1]. age 
( ) frase 


ae, ae A m B 
14+3824+22? e+1 24D) 


L=A(Re+1) + B(x + 1). 
Let r= — 1 Jj=—A 


1 B 
“=— LS 


wf da = fe i > ¥dz 
"J 14 8a@422 Jatt Q22 +1 


a 


B = 2, 


= — log (w+1) + log (Qa + 1) = log ———- 
vada 
(2) werert ° (a + 3)° 
A B C 


Le ESC. “Gao eo ee 


fond 


= A(w—2) + (w +8) {B(w— 2) + C(w + 8)}. 


Let z= — 3, “ —d = — dA, A=5 
; Sa—38e+6  2(e¢+3) 
5 a 5 
= (x + 8) {B(e# — 2) + C(z#+ 8)} 


_ R 


5 


= B(a — 2) + C(x + 3). 
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Q Q 

Let «= — 8; 5 = — OB, .. B= — 5, 
9 : 

we =— > 5 — 5C, re & — Q5° 


fr edz 

"US (@— 2) (a + 8)" 

_ 3 dx 2 pdx ee dx 
~ SS (a@+38P 2 /a2+38 a fons 


: log (# — 2) 


=F A log @ +8) 4+ 5 


ee wz—2 | 
~ Q5 Cts Bats 
(2° oot 1)da 
ae) w+ 2? — 22 


24. 3 1 A B Cc 
top Vt 3e +1 _ 


PL eaten eed eo 





e+ 3e2+1=A(a— 1) (@ +2) + Bala + 2) + Ca(a—!)) 


1 

Let z= 0 1 = — QA, aaa 
5 

f=: 1 5= £OB, B= = 
3 

= LH 66. ©6208 
t=—— ia 7 > “a ES. Ee 


(2? + 82+ 1)dz 
of a3 + gr — Qu 


5 fo + sf iI 
~ 8 3 a—~1 z+R 
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ee ig e 5 (@ — 1) lo (a@ + 2) 
(x — 1) 


5s 8/4 22° + 22 


a) f- raz 

(@ +1) (@ + 2) (# + 1) 

Let ———-——__—_—_-—_—_- = . Pe a 
. EPO CREVICE gree eS w+) 


w= A(a+2) (2?+1) + B(@+1) (2?+1) + P(w@+1) (@ +2). 


Letz=—1; —1]= QA, ws. Az=— 
em 2; —2=—5B, .. B= + 


O+Qer+a4+2 BWa+ 22+ 2742 
5 aa aaa ia 


e+62a°+4+ llz+6 
= NE P(e +1) (© +2), 








v+3 
hes (ie 10” 


xdz 
@ +1) @+2) @+)) 


oe ee 2+3 
=-3/ +5 fst a it 


= — Slog (@ + 1) + Flog (# +2) + = = log (2° + +1) 





Bosca 
eT a 
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og tH 1 yh (a ; 2)3 


———_—+~ + — tan 7/2. 
dz 
ce) wi+4z+ 3 
Ll A B Mz+N 
eae +42 “(a +1) Teh t Poke +8 


Ll=A (#— 22+ 3) + Bia +1) (a — 22 + 3) 
+ (Ma+N)(«@ +1)’. 


re, Sneed 
— A ete 


a; 
“-==-=B (2? — Qe +8) + (Ma +N) (e+1). 
ae ] 
Letz=—1; g = OB aaa 
: —9x2 + 27 — 62? + 122 — 18 
Se Ey 
—(22°—2—3 
= OF 2) = (te +N) (2 + 1) 
ies 





18’ 
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e dz ono 
f ayisis= 
‘4 dz 
6 ean +5 sti Sea 
1 xrdx 
a meas 


: + = log (@ +1) — jglog (a — 20 + 8), 


1 
6z2+1 


1 =) ax 
(Gos I eres 


1 J] + 5log a+l 
~ 6a4+1 / x? — 2a +3 





1 _, #—1 


isy2 "7 
dx 51 os dz 
(16.) z+ 2") =(puttings=2)— f[si4-S 


32 dz 5 x 
=-3f 317 — slog (2 +1)= jes 





+ 








i aw 
2+-1° 


7 tt; L 2dz 1 
(1 Wess j= (ms ings =2) — [5 “3 
= edz ~% : = Vt 

= fa oro a » log (24 + + 1) = log a 


= log 


26 EXAMPLES ON THE 
1 z! dz 
(18.) Srerem = ( a ics ) lw +b° 2 
_ 2 dz os 2 dz fos 
es == -fs- e+e 


23 
= — — + = log (az + b) 


3a 
1 b atbs 
= San) 3a ( x! ) 
1 1 
(19.) ern Letx=-, dz = — — dz 


“Satay mM rcares Ea =~ fern 
=~farnt ferry 


1 1 
mF log (z' + 1) ~56ED 


= Ape r 2’ 
_ 8 (a! 3(@°+1) 


The following method of doing the last four integrals is 
very simple, and can be often used with advantage. 


da 
S; (z+ 1) 


1 d+ 2) —2' 
(a+) #(#' +1) 
1 x” 


2 wt 
dz oe 1 I 
Saar ey = 82 ghee -+ 1) 


3 x 
= tog 4/ ar 
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And es may be found in a similar manner 


a(1 + 2’) 


Se SP oN, | ee 


a(l+a')” w#(1 + 2*) “=e (1 + a) 


Sata 8 A) 5 
Saar 


la + be — ba 
Ate a x(a + ba) ) 


1 b 1 


—— 
—— = <= , 


Here 


1 ai 1 a+ b2*? — b2' 
a(a+ba*) a 2(a+ baz’) 
] ba” 


- an a(a+ bx) 
Therefore, the original quantity is reduced to 
1 b b* x” 


d 


oxi Pat @ ad be*) 





joe . 1 b a+ be 
and its integral is — San + 542 108 ( ) 


wv 
da 
I (l+2°)- 


1 _Cdt+)—2# x 
e(l+a°)? ~ a (1l+a°)- 
1 x? 
~ 2 az (1 +2) ~ (+a)? +a")? 
1 14+2°—a' 1 x 


a2(1+2') a a(l+e) ~ 2 e+) 


a 2 
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Therefore a(lta@y 


1 a? x 


2 @®+1 ~ (@ +1)’ 


and the integral required is therefore 


i a/ x 1 
°8 a? + 1 _ 8 (a@?+1) 











— =,/{—4- -ss} 


dz dz 
feos (2 — 1) (2? +241) 


= A B2+C 


+ 


Let = = hee ee e+ao+l] 








1=A(@’+2+1) + Be + C(# — 1). 


(ataie sees 0, or ees 7 8 


Q 
(a(t 4 6) 
2 2 
4 =(2C —4B) ./— 8 — 66, 
Q 1 
ieee Sg Perr re ae 
1 
Let z = 1 1 = 3A, A=-» 
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‘, the integral is reduced to 
{<. _«& + 2) a 
sf g—-l @w+ad+l 


fer log (# — 1). 


(e— 5 + 2) dz 


{Giei- (ife=2-5) (3 (= + 5) 


a al.'s * 

a45 
= log e+ - = + es pate 

vi Jf 3 

=—{ 22727—1 
7; a es 

a 1 1 
of 57 = 5 8-1-5 bog Ve Pe 

1 Q2a— 1 
— >= tan ( Ta ): 


3 
And in a similar manner it may be shown that 


dx 1 1 ao 
S pei = 5 8 @ +) — 5 eg V2 +l 
2 Fyn (“4 >). 
a7 3 
Sx sie os (2-1 e443) 
J #&—1 6 °S e+1lv2e?+eae4+l 


~ sig {ow (*t) + we (EY) 








=log f/x +at+1 + 
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But these inverse tangents together are equal to 








4a 
tan— es ee | = tan 2 V3 ) 
1—(#=1) 1 — 2? 
3 








f dx a 1 fog (21 Veet) 

"J wW@—1 6 ati /x+et+1 

ae Cae ) 
fe) 9 


1— 








(21. f= oH 


2 — (1+ 2) 2 — of 


(2° + 1) =" (x? as 1) 
ff 2° 
-@ ai @ iy 
Pol a(x’? +1)—2 
Ant @ry = ery 
= r+) @ 
~ gtd (a? + 1) 
a _ «(@’+1)—2 
Ao Tye ~~ @Fiy_ 
4 1 
= GFF ~ @ay 


; x’ we x 


ii (2? +1) ee (a? + 1)? (2? + 1)' + 1)' 


x Qx 2 
SS a+ iT (a? + 1? + (a? a 1)? 
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and the integral required is therefore 


) 1 1 
bg Vetl + aaa ~ aii 
aid ieee 


m fee esp 


(2 +1) = ( e—Qv cos = +1) ( 2? mm QL cos = 1) 


continued to the factor (2° —2x cos = w+ 1) when 
ig an even number. 

This gives 
(# +1) = ( 2" — 2x COS =+1) ( 2" — 2x cos +1) 


or (wt +1) = (e?—2/241) (2? +2 /2 +1). 


° 7 a 1 o9 rd 
Since, — == 45° cos — =sin — or — = —sin-. 
4 4 Tia acai "ot 
Assume therefore 
a A+B C#+D 


M+. gig /Q41 etaV{@4+1 


== (Aw + B) (e+ eV 241) + (C+D) (a? — #V 241). 


o ee ee | 
Ife+eV24+1=0, # =——— (1. 
u-+ 2 + 9 ( ) 
Ife?—-xV2+1 = 0, Pech eel (2.) 


/2 
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Making (1) our supposition, we have 


=f 7] 
av’ ene SSE, = 540. (2—2V —1), 


—  2CV—] 2CY—1 AC. BAC 
rr © eas nc ——- HO OT 
/3 /3 /Q2 V2 





v=o 


eee, eens 4C —_— 
+2D—2DV—1-V—]1 ={F-2 va + 2D, 


1 
.. D=0 C=— ——-> 
QA/2 


Now making (2) our supposition, we have 
— AV—1+4+A Vo 
=V—-l= | (“5*) ++ a} (2 +2 “1), 
= (by reduction, as in the preceding case,) 
1 


\-< Wo Q AS 
7a +28 —1+2B, .«.B=0, =o Se 


The quantity under consideration 1s now reduced to 


a Pet a 
2V2 let'—aV241 9 wt+aVv24ih 


x a 

The integrals of —————— and ————_—-—— 
a—aVv24 1 e+avQ+] 

main to be found. They can both be included in the general 


now re- 


Parenees seen 
wtav24L 
_ il 
zdn =(if2=2F 4.) ys Ee) as 
Sree) ee VR | 
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zadez 


= tan (2/2). This gives ye a —a/ 241 

= log J (#2 — 24/2 +1) + tan (2/2 — 1), 
d ——_—_—_—_-— 

va sill = log V (a+ 2/241) 


+ 2y/2+1 


= = xv 
— tan! (#V¥ 2+ 1), ae avi f a= 
2 > 4) = 
lo a — 2/2 +1 + tan'(2\/ 2—1 
ON aa (# /2—1) 


+ tan“ (a./2+1). 
And these inverse tangents may be reduced thus: 
tan (a4/2—1) + tan (2/2 +1) 


= tan ( aV2—1l+eaV241 ) 
1—(@V¥2—1)\(@V2+4 1) 


2af2 eee ns w/2 


= eet 1—-Q2—1) a) 2 (1—2") (1 — aw’) 


; xvdxz _ 
SR 


pf ena 241 af 241 | 1 as fe 2), 
we log 2 Ppa /atl vO8 ase 1—2 











eda 
(23.) Bai 
x P 1 
a ec +] 
1 A Bza-+ C 
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o l= A(e’?—24+1)4+B24+C(e+1) 








1] 
=— |, ~ Lo da, “ A=- 
x 3 7 
3—(#—a@+1) _ vw + @ +2 
- r+ nr so 
eet Ret 2 _ 
i 1 Q— £ 
z+1 8 Ht a —o+1 
J 
(2—2)dx w (eee eo {2— (= +5) dz 
e—ae+1 =e ae 3 
+ — 
4 
_fi! 5S 5 = 
e445 baer 











8 J/3 
and free y= 58 (api), 
aire (PH) 
log V2 + : 
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4 
Also, fa'da = 4, fax=e, 


therefore the original integral is 





Cg ae = ie falas =} + leg atl 


4 Ji Us J/@—a+l 


The method of integrating by parts is used to great advan- 
tage In many integrals, which is as follows :— 


d(pq)=pdg+tqdp, 
“ pdg=d (pq) — gdp 
Jrdg=pq— fqdpu(); 


or by using differential coefficients 


Tn the following cxamples we shall sometimes use (1) and 
sometimes (2), 


p 
When integrals are of the form of f{ #”—' (a+ b2")id a, 


they can be rationalized by assuming a + bz" = <1 when 


m mr 7, - wn F 
of eh n is an integer. If <= be a fraction assume a + 2" 
nm nN @Q 


= a" 2%, 
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CHAPTER III. 


(1.) fadu/at a= fadz(a+2—-a) Jat @ 
= fdz(at2)—a fdxJ/ate 


_ 2 3 2a ; 
= (a +2)—— 7 (@+2). 





Bae 
‘da Java+/a a 


. a 2 2 3 
; WS a a re 


d . ks 
(3.) 7. = (a—2)(b— 2)" = (b— 2 +a—1) (b — x)" 


8 


=(b—2)"" +(a—5) (b — x)" 


__ n(b— ant n(a—b)(b—a2)n 
m+2n m +- 1) 
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au 2 (a 
(4.) 7 = (a + a) J + 4a 
= (2 + 4a — 8a) J x + 4a 


3 
= (a+ 4a) — 8a a/v + 4a, 


To integrate (v7? + 4a)’ (integrating by parts). 


d 
Let p=(#t+4ay 2a) 
dp ‘ 4 
—_—_ = b = 
a 8a (2 + 4b) ee 


7 faa(@ + da) = ea? + iy 3 fvde (24+ 4 a 
9 3 3 ° by 
=z(a*+4a) — 8 fax(at +40)" + Ra fdx(2’+ 4a), 
3 2 3 3 
oe [dale +4a)=> get 4a) + 3a fda(e? + 4a) ; 


3 
.o= 5 (a + 4a). 











du 1 2 
—_ = —. Leta+2r=2 
Os af/“2+ta 
du du de 1 22 2 
dz dadz (#—a)z - gma 
_ it l 1 
- 1: z+ fa 
PP Sane ms : 3 
us yr fo BEE eee 
Ja zt /f/ai Sa “(«+ Sa) 
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9 / a 
= —= lg ——._—_-—_-.. 
/a J/atat /a 











Mere 
(6.) $¥ = . Leta+bxe= 2’, 
(==*)' da ti 22 
z= i ee ge eee 
b Zz bt 3 (2? — a8 
du du dc bt 2 Rz 
z a’ dz (x2 (2 — at " 35h (7 — a)s 
2 af a 
3(z?— a) 38 t+ sa} 








3 
ioc aueaie: Bic eae”; aoa 
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aro | 
1 dul ew oT 
(7.) dz (1— 2) ./1 +a 1 
(;-*) 
1 
ie 


za/ zx +2 x 
ee | = 
J 2 8 Ua Tat 
1 Jee 5 
Jf 2 e z 
Sz log V2et Vite 
1 — a 


dz dz 
8, = —————————— 
Fe S Terr 


= log {/(@ +3 +h t+o+3} 


89 





= log {2\/a®+a@4+1+ 22+ 1} +. 


az dx 
Of aes S Seat) 


EXAMPLES ON THE 








ee 
co : Q0n—1 
— gin! = cea OE 
= sin WE: sin 7B 
2 
dx 
10. —__—___—_——. Let l ~ z= 2’, 
( oF Ne reer 
2=—-1—2* ada == — 22zdz 


l+a=2—2 


7 dz 


liza 3? mi a— 2 


7 “eal Joree ts ware 


— 2 
Jf 2 1 ed rf 2zZ 


8 ate V2 2— 2 


1 
= fe 
Mpg SSeS vanes, 
J/2 1l+z2 


dx 1 dz 
OL) [ T7rtepe: Wte=> de=—F 


— 
== 


dz 
ee -S Far 
=—lg{/l+ze+2+2%24+3} 


2/1 742 
et on A Sea a 4 
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4 


= log ————_____-—_—- 
2/1 +a+2?+2+2 


2(Q +a—@W/lpa+ ex) 











=e Tae ee de 
ag ee eee 
— 3a 
d (x) 
du x 1 dx 
12,) <= = a = SS’ 
( \—= J ai— a 2 Sat — (x)? 
ao 
u=5 = 
du 1 1 
13.) — = ———_—___——_—- = 
) Ta V (1 — x) (a + 2) J2—a2— 2 
ee 
V9 — Qaet ly 
.,2@+1 
. & == pin7!—_—., 
du x 
14.) — = -——_—_—_—_—___—_—. 
( ) Ga V (a — a?) (6% — a’) 


x 1 
V a? — a? V0 — a — (a — a) 


du 1 
WDB) O88 Oe 
ap) dx av2e—~_@VR — x 
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dz 1 
Let x = - Le = — my 
du du az 23 i 
—_ SS on te - — _ — 
dz dz dz Vj — q’z? J/ Bat — 1 2° 
az 1 





du 1 
55 ae eC cae 
O°) da Gay Toa 


tee e ee ee eee 
(1 + @)/2(1+2)—(1 + 2) 
__(+2)" 
J/21 +2) 71 
ts m/2(1 $a) o1 


‘/ i ao 
== ——_ — | = — : 


as zx 

7 (1 +27) /f1—a! 
nn FH 
Os VITRO PST 





du 
(17.) oa 


ee ey, 


l Se _— 
, Aen Sg ee tad a 


2 1 + a 


INTEGRAL CALCULUS. 43 


i du _ (2 +./14 2) 


+(F= +1) (@+ JTF a 





user (a+ S/T FH). 


du 1 
19.) — = 
co dz (l+2)f/l+a2—2 
Letl + a= ~z, w= (z— 1, 











du du dx _ 1 _ 1 
dz dz dz zs/z—(#@—1? 2/8e—2—1 
dz 1 
Let z = -; dv > 
du _ au dz _ l vw? ne 
dv dz dv a S$y—1—v? 
— | 
Pei v)’ 
2 v 
es ei Seas 
5 I 5 
2 
; 82 —2 .-, 8241 
= — sin! — = — sin ———— —., 
52 /5(@ +1) 


3a+1 ) 


ae —il ee 
ie (wi + 2— x 
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4 


du 1 
20. cement! sleememen?. feo ae ee ye Pee eens 
( ) de (2 + b)\/a+a 
d 
Let #+@a@=2 ia ee 
dz 
du au dx _ 1 9 Q 
dz dx dz (#—a+b)z' 7—=F4b—a 
u= Z tan— sa 

















du ] 
QI. ES NT 
Cl) oe (2 + b) (x + a)} 


__i I —--|—=—= 
~~ ea—blat+db a+a@)./r4a 


1 1 1 1 


mm C—O eee iO OO "tl 


@—b (2+b)Vx +a @—-5 (44 (e +a)h 


oc aed Vee a _!t 
(b — a)? 6—a a—b Ve+a 








Bayes cee 2 
us Vat — a — assed’ 7 
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(238.) ay eee a seis 
OE a eae Vee 
; ] 
To integrate —_—___—————- 
a Vat + a 
1 dz 1 
t — —) — so 
Let a : ae = 
du dx du __ 1 Z _ . 
dz de da PVF ET Va eI 
Cco= — Vat #1 
a" 
VW ot + x Je + 
if = de = — > + log(a + Ve $2), 
Vai — x . & ; 
Oh ae accordingly as 
we use a? + 2 or a? — 2’, 
d 
(24.) Se 1 


dz Va? + x? ERY ec eg 
VP +H 4+ VA —& 
Q2° 
iVve+2e 1Vva— 2 
~Q +3 at 


By last example, 


Vai +2 + Va + 
ny 


“i= 


} 2 _1 + 1% 
+ 5 log (2 + Ja? + 2) 5 sin. 
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du af + @ a a 
Oda NV aoe. Vea Vaee 


_ & : 
- u = asin - —/a? — D's 
a 











(26.) ead on a 
“ da @' WV x-a Veo ae «Va — a" 
. u = log (a + Vz? — a?) + seo-! =. 


2 


du c+a ax & 
a) Fy 8A) saa Tese Ted 





a 
To integrate : 
: Vv a? — x? 
_, 4 _ 2 
a= dz Va? — 2 
d 
= =—/a—a 


xd x Santas 
of FE = VG 8 + [ Vee de 
A” ——— & 


=-aeV@—e + fSS_- wd 2 
Va? — x Va? — x 


vdz a oe) dx 
mn ij Lo oe 3 — eeeeterremneitencineetniateiemeet 
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AT 
bees x2aa 4 wdz 
—- Ve — 2 Va— x 
a a2\ 
=o sin — (a +5 \Veoe 
da \ 1— ace +a7c?\/1—2ac a + a 
i ; dz 2 
Let 1—2acz+a’c’=2% a ee 
dz ac 


1—2ac 4+ ac Pe i i Me a 


c* , 
_du du dt & 
‘dz da dz a 2? — (1—a?’—e + ac?) 


1 1 


ef ee 
a fe (1 — a — c? + a®c’) 


_(=— “log{e+ /#—-(—@—8 +a} 


] ee ne a ieee Eee 
log {1 — acm + act + /a®— aca +c} 
du 


1 1 
29, SS ee Let t= 
(00) Fe l=) fl +2 % 
du 1 2 _ 
dz 


& 
(2—1) f/1l +2 
Let ly2ac, S-levt—2 = 


= 
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wee |= — 
— ® eg tenmenee S cey ae 
Cou iota 



































, t= ~ lo = ] 
24/2 aaa 24/2 °8 8 
22a log Vit Ht? 
J 2 /z—1 
nee V1 +e + S22 
6/2 ~ J/l—2# 
du 1 1 
30. —_— = ee Let «= - 
) ie (l+2)f/1l—# sf 
OY. : 
a (1 + 2°) f/2#—1 
Let 2~—1=v’, re ee ee ee : ’ 
© fv tl 
du du dz /v? +1 v ek 1 
“dy dz de (v+2)v0" eq ve +2 
v 1 Jf 2 1 
uo=— —— ta —!. = — —~ tan” 
Ja oa / 2 / 2 
1 ~Vi-® 
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d 1 d 
(31.) eS —, leta=-, dre=—— 
xz J # +a2—] od z 


= FHs- S Ta pan) 














7 1 
= — sinm! a sin cleat 
= 1 75 = 75 
2 
= — sin Se gi 
= Wit J dx 
1 
(82.) Se, ee 
(l+a)</1l + 2 Zz 
] 
t= ——l, Fr 
z a” 


; 2 1 
Se Se ee 
7 


Sine JF Pe pore 2,2 


“a 2* 


1 


Pe neatenel 
= -_— 


dz 
=~ fae ta 2241 PS Tat 
= — tog {a/e—2 +h —z+- j+#—3} 


—/ 1 + 2 1—z 


l 
= wwe (i +a) 720 +2) 
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—~ 4h ee 
J/2 2(1 + x) 
1 2(1 + 2) 


ple Te 
_~1,,20+9)-#- v2Vi +e} 
= 73° 1— 2 + 2 —2 — 22° 
i ole ae 
= Fale} Sete) 


9. 9 


nae . Let 1 — 2? = 22? 








2log x = — log (z* + 1), 

ax Laz 

x ge yp] 

[ey ee 
(l+2°)az z+l 2 +2 J2+ 2 
A, coieae 1 
— CO ae aS 
rJ/ 2 Jf 2 f/ 2 Jf R# 





/ 22 
cot 8 _Vi-#€ 
Jf 2x 
/il— 2 
cot 6 _ J 22 


aaa reg 7 
1 + cot? — = 
ea 2 2 
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1 —2’ 
—n ° a —] 
cos § = . 0 = cos vr 
dx a,/iz# 
+ {= = — cos ——— 
(1 + a’) /1 — & 5 l+2z 


dx 
34. | an = «Cl OLet i te = 2’ 2? 
ae (1 — 2). /(1 + #°) 














2log# = — log(z? — 1) 
dz dz 





vA 


U2 Z — 1 
dz _ vi dz —— dz 
Si — 2")az wm 1 *—2 zB — 2 
—_ 1 f- dz f= 
Bae ee Zt fl om J/2 


wl log 2? 1 —) tog Vite + Re 
R/® Pz JSR BR pee [Qe 


1 (\/1+2? +20 _ 1 og Vite + J 1t+at+ / 20 
2/2 log 1 + 2° — 22° wa a re 


az 1 
SS rerereneae Let 1 c= 
(35.) Si +2) /l—a—x# - of 


c= 
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1 


‘2 


— ean 


a a 


Sea petayoe 95 ea 
= oS rae ee ae ST 


= 1 
= — bog {/Fe—1 +245} 


J/il—z—x 1 1 
= — log {VA =F +raats} 


1l+2 





mee ds Sool Reel ak Se 
6 2(1 + 2) 


2(1 + 2) 1 
= 8 
2/l—-e¢—-x# +243) 


= 2(1 sae chase et my Reo Poe 


e+624+9—-4+427+4+ 42 


rll Q(1+a)\(¢@+3—2V1—2— 2’) 
5 (1 + zy 


24+3—-2V1l—2—2 
1 +2 


dz dz 
36. SS ee 
ea SF x— zx I yes 


d (1—z) _l-2 
So = C8 SS eee 
S 2 =“ (l— zy 


= log + ¢. 
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ax 1 d z 
37. Te ees — Sp OS Se 
(37.) Se ba) Letz=-, dz 3 


53 


dz - zaz 
ay, 24.5) 
2° ( a+ >) (a 2° + 
a 
pe ee 
& (az + b)} a(a+ bay 


ete dz ada 

88, d P+o Riot + [7S 

( ) f? o,/it2 /1— 2 J/l—x 
xvdx 


Jia at = —2V1—2 + [VI=#ae 
it oe J1— x 


f xdx 
J/1— x 
ada _ &V1—-2? 


2 ——-— C= + . sin —'z, 
J 1 — x Q a 


+a a= 
» fede A/ +? = J/1l—a 


& ss 1 jf a 
—3Vin~# +5 sin! & 











vw 











= 5 sino —(2 +2) Vis 


2 
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(39.) Ves tees 
J a — 2 
eo! data} dz, SY @ = 2) 
* EE as af ee = sin 
Je—e 38S JZ 38 ai 
sin ~? ad 
= — a 
8 a 
: 3 
Let é = sin? =, sind = =, 
a a’ 
vor sin § = 2 


= a 
n/ 1 —sin* 6 /a>— x 


fed = jt, / e 
/ai— 2 3 a> — 3° 


dx dx 
(40.) a 
5 ren + 2°)? (Pe + a)?—a?) 





Let #+a = - diz=— — 
4 
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pots 1 1 1 
 @ CO AF aie | 
(@ + a)’ 
zwu+a 


NIE ASAT IOC ISSIR 
a/Qan + 2 


(41.) ek ee ite Fad 
wD /2a2— x % a 
wie for 96 - za 
Ea 2a 1 1 J2az—1 


Zz ge 


= — ~ oV/Qaz—1 + f viaei. dz 


1 

a 

1 Qzedz 1 dz 
—ieViaeni + \igesi a eS 





dx 1 ——- 1 
Si Fagg BaP — Gg aT, 


1 sl 1 Seoerer nearer 
= sz(2- —) Jian — a 











x 
2 3 
(42) foe, /it2 dz= aid Ev Sai Ln 
1— x 1 — zx? V1 —x! 
xwidx = : vida 
/1~z' Ji — a 


x2 
Base L—«' + fovirwde 


a > gdz x az 
V1— 2! J/L~— at — 


l 
| 
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Tees eae 


J 
= —ZVv1l—a + re (— x’), 


fe JB 


ll. Dee at } 
=— (5+7) J1— at + — 7008 (—2*). 





Let 0 = = cos —1 (— 2%) 


cos 46=- — 2 


tan BOs y [1008 4? on re ps 
1-+cos 4 6 1— 2° 
es 
n 1— 2’ 


= —tan-! + sak Lx 
2 renee ee 4 (2 2) /y _ x, 


(48) [2 /ta22. Ley = SS 
a— x ee 


VC P—-HPyY=HV—e#L 
a? (1 — y’) 


a a ae 


c— x? 


2 adzxz=a’ {= 2 y (c? ae La = Dh a 
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57 
aty (1 — oj dy 
2dx2 = 
(o> ¥) 
dz _a@yl—ec)jdy ce—y — y(l—c)dy 
oo (ee —yp Tae d—y) -yY)e—y¥yY 
DN x? (l—c’)dy 
a x at — 2 = fe aes 
__t l 1 1 C 1 c 1 
~ BF ity sf imats copy? 2 c—y 
1 1~y c c+ y 
= —] x et Pas 
a Cipy t ahs c—y 
ji=v) (2 ¥ 95 
= tog A/ (752) (44): 
7 l+y/ \e-—y 
a+ dz 
(44.) SF = 
a—1/) —axr+ 2! 
= {Se ade 
“J 2-27 J#@naate 
=f a (eH — ™) 
(a — x") a@—a2-) V(2——2yY — ~(a — 2) 
1 _, Ce 1 _ &—!1 
= peC ee SEC SS 
/a—2 Ja—2 Ja—2 a/a—2 
= 1 cos — x2 V/a—2 
Va — 2 xz?—1 
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FORMULAE OF REDUCTION. 


fo== x" dx 
/ax— x 


ade f{[& oe (a ee is. "dz 
Sm33* / ae — x ad eprreers 
@=2) 42. 
/2a8—4 an — a 


and .. dp=(n—1) 2" da, g= / 2 ax—x’, 


t—I — 
we have fpdq=pg— fadp, » fF—G=2 








Making p = 2""', dq = 


Q2axn—2* 


= 2/2 am — a — (n—1) fa/2aa— ade 


xv 'dez 


=2"! /Qax— a? — (n—1) . 2a f= 
/2anz— x 
+ 0-0 [7S a 


Substituting this value in the original expression, we have 


xv da 
= 


eoo3odz 


dx 
+2a. n—1) [= —(n—1 = 
( / 2a Or— x fs 
+0 [> be 
/ 2aa—a 
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a Se aah 
. (140-1) [GS es SH Rare 
az—x 


zw idz 


+aQn—1) [ Go 
an ao 


72 ee eerie 
ON ee wd x —2/2Qa0— 2 
/2%az— # x n 


eS fo ad 2 
V2lan— x 


x" da 
V/2Q az + 
ee da =f pit ada « f= a! dae 
VQax+ x VQacte Stare 
a 
cin CA) This becomes, if p = a2""! 
VQan+ x 


(a + x) da 


a i Jf an+e", fpdq = pq — fadp, 


1 = Ranta 


a (a + 2) 


—o-i,/San La 
Jean ce 2 /Qaxnt+2 


—(n — 1) fo /Qaa+e de =a, /Qan + av 


vda xz" dz 
— 2. a(n—1) f— — 
( /aate Aa2+ xv =e re / tanta 
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Substituting this in the original expression, 
x dx 


"dx 
=a 1/2 ey — Q -) [SS 
Sms" Vee ade ey / an + a 


"dz x dx 
—(n— ») (SS e [SS 
J/tart+e J /Rant+a" 


- a co + x* oe Eo —1}) x*—dz 
Sm 
dz 
| eae a (3S dz(a— x) — 
a = x / an — 


+ : {——— 
x" J 2ax— x Coe reevecces (a.) 


1 Ze 
Now, making p = — and dg= {a—a) da 
sd Ot — 2” 
and ..dp =—na-""dz, q= J 2an— x, 


there results 


| fe ese a (a—2z)dz ——- ey —z’.dx 


at s/ 2a2— x ant) 


Be das 
# + 2an fs SS 


az 
—n [——_—_——_——— 
B91. /2ax— x 
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— this in the equation (a) we obtain 


= / %an—~ x i, dz 
Ie aaa Iagsat a” 2" Qae—2" 
dz ax 
+ n [—————— «SOt 0 | ——= 
vw S Iax — x xl Qan — 2 
/Qar—x 
. a(Qn— ») {>= ai <aee ed 
BN Qaz—2° 


+ (n= 1) [2 
2 /Qan— x 
-f- da — V/2an—x 
a" \/%an— x oe 
n—] 
* wana DS a Jaa no Fae 


ee Tee 

















dz =f (a+ ada =e dx ; 
I 7S vv 2an + x a "NN Qaz+at 





+ x)dz 
if pewtgd open oe 
J 1S Viaet@ 
We have (a + x) da V2Qax+ 2 VQaa+2" da 
aVQaxta ot nt grt 
Vv y dz 
ao eee + Q2an ———===, 
a” aI Qaa + a 


+9 f- i 
U amar T, ———) 
Bo Qae+ x 


and by substitution in the first expression there results : 


~ dx _ VRaa+a' 


oo w—/2ante x" 
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dz 
+ (2Qan —a +» [———, 
‘ Whee 23S Qan+ a 
(1 — ») dx / Qa + x 


"aQn—1) Jae VRQaz+a ea(2n—1) 
=f. dx 
"/Qan + x 


az 1 
ve (e+ ay We have — (a? . ey 


1 a = . a + 2 
~ @ (a+ a’) *U(a@?+ 2)" (a+ ar 
1 ] 1 zie 


ge Ne LNG ee 


dr 1 pf dex i —=1 edz 
(a? Ee ny a? (a? ob SD a ry an 


x’ dz 
But ay _ a)" = fe (a? + FEO = ae = [rao 


ada 


x*dzx = — 2x 
Se + x*)" — (Qn — 2) (a? + 2*)""? 


1 dx = 
ea) Gea 
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P) 
fay + ey x (Qn — 2) (a? + 2°)"—? 


1 az “ 1 a x 
(An — 2) S (a? + ay! © a Sa + xy! 


_ il r) 4 2n—38 da 
a (Qn —2) (a+ 2°)! ' @ (Qn—2)J (@+2)7" 
Also for ae = fe a—“ldz.- We have 
(a? + (a? + 2)" (a + 2 a + xy > 


if p=az"—!, dq =au(a? + 2°)-"dz: 


w"dz 
(a? + a)" 


i] ana} n—] . zn? dz 
~ Q2— Qn (a? + aw) m—2 J (a+ wy"! 


(a? na yP — 2(q? — x?) = Cree x? (a? — a)? ; 


n—2 


wusad {2 ? 2 oe @.a2(a—2?) 2 dz 


o 


ee 
= @ f(a —2)s da 4 2 FP _ 8, 


2 


a (a* — a’)? na?® P Peete 
, — —— — d x. 
oe n+1 Tip a 
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Pgs Ol ae 
/2Raz—a n 
+a("=*) (= x"—lda 
/2ac— a 
If we make n = 2 this expression becomes 
fe x dx _ ob lowed Pn sek ad x 
J 2az— x J Ran — x 


Also [2 = —4/2ax — a + a ver sin? (=); 














2aL —2* 
zdz arf %ax—a a 
LL Al I re 
/ 2ax— x 2 2 
3a? yf @ 
+ —— ver sin (=) 
2 a 





—_——_——. 3a” ; 
= E49) Tae + = ver sin (= ) 


dx _ ft a 
B rcs a =e Qn — 2 ° a’? (a* + 2) Si 


Q2n—3 1 5 fa dz 
Qn—2° (a? +27 
dx 
If n= 4 we ws fogs = 


: od 2 fe 
ba G@ aay bat Sai + xt) 
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ax _ it x ee dz 
Ste + zy ~~ hae . (a? + 9)? eM ee a’)? 


dz _1 x 
Al ean a. ae ~1? 
60, fia +e 2 a (a? + 2’) 3 5 tam 


‘. the required integral is 


1 & 5 x 
6a? (a+ 2’ 6. 4a! (a? + 2p 


_ 5:8 oe ee 2) 
6.4.2a8 ° a+ x? 6.4.2 a7" (=). 


i dz 
x" (1 + x) 


The formula of reduction is 


1 zt 1)3 n—2 dx 
(n—1) 2 n—] om (1 + yt 
If n = 6, we have f° ——*= 
a8 (1 +4 2*)4 





sad erie. 
6 a 65 5 So (1 aa 
f d x __ 1 (x? +1) f° d x 
eti(l+arjt 3 a 3S a? (a? + 1)4 


a? (x +1)3 . 
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And by reduction this becomes 














{ dx __ 10 +e 4 (1 + 2°} 
(et t+iyh 6 ew 8.5 
4.4 ate 
6.3 — 2 


Jes cas 


The formula of reduction is 


f dz 1 (#?— 1)! 4. M—2 dz 
a" (a? — 1)h 7” —1l° gt n— 1 "2 (ag? — 1)b 


If n = 6, this becomes 





f- dx =} (a? — 1)% 4 ax 
(2 — 1)! x” 5 wt (a? — 1)h 


2 — 1) 
ue fT a et Epes 1) 


ff dz _ (& — 1) 
2 (a? 1 a 


Therefore, we have the required integral 


(t—1h 4 @- i 24 (2? —1)*, 


1 
5° 8.5 wo 3.5 @ 
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CHAPTER IV. 


(1.) - =a (logz) (log 2’ =p, OW x 


d 
dp _ 1 
dz " g 


p= log» “1 a 

*d al 
fae og & 7 1 _@ 
dz 2 ~ 8 





_wilgz 1 _ loge w 


3 2 923 ] 3 
ue 06 2 x Ob ee 


9 27 
ane ee “| 
= © F dog 2) — 5 logget so 


de  \P= (loge)? dq = Xda 


V log dp =— = (loga)-}, — I=> 


4 ] > = 
= (log a) + a f dx (log #) i 
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Similarly integrating by parts, 


a ‘ a 3 Zo 

[eee (log x)3 = = (log a3 4 aq [Per(los x) 4, 
— ae ant 5 ‘ omy 

fede (log z) _— z (log =) 5 + aq fre (log x) q 
? ‘ 9 

fF aa og 2)-i= = (log wy i + ay fea (log 2), 


at 


od eer ey ar 





I a 3 x! 5 x’ 
+if | a 
Sy mr ae ioe) | 


(log x) 
“= 
= {1+ 1 3 3. 16 e. 
Te loge t * 8 Sloga * (Blogay* (6 wise ays 
dix 
3 aidz et 
(3.) Ser (log a)’ ={# (log x)? 
da 
as hak 23 z 
— se (log z)! 


1 
dp =ba2'dz —=—— 2 (log #)® 


x 5 zvidsz 


SCogay t aS Cog ay’ 


*. i= — 
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In like manner, 


> ida | x’ vidz 
2 (log z)* ss dog log a’ 
x 52? 25 (atdz 


” =~ 9 (log ay? 2loga? 2 log a 


P= 2 — = qi 
(4.) fata'dz 
dp = 382°dz aare 


3 at 3 
= ee at ada 
A A 


a x 9 . 
fadtde= baa ee fvade 
A a 
at x 1 ata at 
fare ax = ao te adz= — — —>: 
3 Dome 9 z zr 
+ fat ade = —* ~i {ee _2 (eee) 
A ALA A\A A/J 


{= 32° 62 6 
=a™>— +37 zi} 














A A?’ A? At 
> 
(5.) fe (loge) da p= (loge? dq=2'de 
at 


dx 
dp = 3 (log 2) . T=] 


; 3 
vA x’ (log 2)? dz = -- (log x)? — ri fi x (log 2)? dx 


i 2 
similarly, of x (log aw)’ dz = — (log x)? — rr fi # log adx 
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zx! 1 
ae a | —_ ——g' 
; og #@ 6” 


+f 2 (log 2) da = 
x Pare) ‘ 3.2 3.2 
A { (log 2) a 4 (log 2) F 42 log ct AS . 


(6.) fedarseat—4 fovds 
fesiaaon—s fetas 
fetdeaee—2 fends 


feeds = C2 edxamexr—e, 


+ feddaae (at — 4a + 12¢*— Qha + 24). 


(7.) fomdsa— oe + 3 frat ds 
& 
forede =o ea” + 2 ferade 
frdaa— ee + fords = — e728 — 67"; 


, [oe da=— e-*(a + 322+ 6a + 6). 
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ee p = logs aang a : 
(8.) Sf Fae log zx Sas 
J/it+@ dp 1 : 5 
mre) 
xvdaz 
= fl } — {FS 
ee SFE Jl + 2 
—i/l+ x = 41 
/1 + # loge 108 Se Jl +x + 2° 
Leese x 
a 2 i eee 
J 1 + 2° (log # — 1) og ce vies ne 


—ianeeiand x + 1 
=V1 + # log (=) — log; bia/ 1 + at 


z a —1l+s 
0) fede = Fn ays da TIF 


mee | ,ar es?) 
=fetapit eri 


= fo {ee paw + a(R) 
x—l 


z+l 








=e 
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(2 — 2*)dx +1 
00) fe ee = fede on avis 


J/ 
= fo da| = + aa vESs} 
Vv) 


(Q—a)+(l+2)1 V1l—2) 
= dz Fe re. a eee Le 
if? 17 t (1 — 2? -QNV14e! 


= fo| te ee+ (FE) 












































Vl+2 


=e 
l—z 


zedx edz 
(1) f arip “Sy Pee Wap 


dz 
dp = dx 1= — deny 
xeédz _ z 1 az ; 
S @rip weap ta ery 
x dx 1 edz 


de —1) ; #113 /(@—1) 


st, f[Se- 1 feds 1 er dx 

CE +4 Q2Je—1 ' 2S (e — 1) 
x Pa lo e* 1 1 

Qe—1lp 72 “Beri” 2Qe—1 


1 € ] f x ; 
7 Me aes teat 


— 
a 
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du @ dq l 
12.) —=-— = a* — = —, 
(12.) dz at re dz 2' 
ee as 
dz oe =~ 32" 
; a? A padx 
Sa ah x? 


Similarly, 


at dx a? 4 S [to 
f a 2a 2 < 
a? dx at adzx 
f s- = —-— H+ af , 
2° x x 


uc AL A(t yg pedey 
ag SL rae) oe staf) 








_ fi i A 4 A? AS atdz 
ad Er 2.38 I 2.3) “x 
du a? ea dq 
13.) —=>-= Poa 7 =a’, 
ee dz 2 dx 
dp 1 -3 at 
de 2) IK” 
: ] = 
, ease eee 2 Sat da, 
At? 2A 


also f- eg atde= —— + ae ata? dx 
Ax QA 


fe a? da= ee + a eta? dx, 
Avi 2A 


%4 EXAMPLES ON THE 
at l at 8 / at 5 a* 

‘tzu — {-—— paces (een, = te.) 

satan Sa taa(So+aa aa 


at ee 3 3.5 be 
‘eer Qo + aap t Qeap(’ 





Another result may be obtained by the following method. 


dave PT ga" 
Pane q=2eah 


» 
1 1 
wus Qat gt — aa f at gt dx. 


. 1 9 3 2 = 
Also, aaidr= ree — 5 A / at wide. 


oh Pee ) 
—zAza xz’, &. } 


a* (Qa A)? (24 A) (22 A)! 
aes {22a— a er a 


-+ bc,}. 
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(14.) oh sana an rE +ne log x 
res eld + be e 


= a2" + na"t! log # + = xt? (log x) + &e., 


gut 
a + nfo x" log ada 
+1 


oe af et? (logz) da + &c. 





m1 








x nm 
m n — | n— 
But [2 (log) dz=— rig] | (log 2)" — — a (log) 


(m + 1) 


n(n—1) (n—2)...2.1 ] 
+ ee i EN 
= (m+ 1)"*? )’ 


*Mogad <. {1 : 
“foe °8 em + 2 amare 


f a™*? (logx) da = panes (log 2)? 
m+3 \ 











2 2 
om + n+3 1g ok (m + att 


a { (og 2)* 








f ent? (loga)'da = — = (log 2)? 
6 log 6 
+ apap les 2 _—y} 


Arranging the terms according to the powers of log z, 


-_ OO 
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ont m+t 2 gmt 3 m+ 4 
x n'a 
ee de 


m+1” (m+ 2) tin + 3p ee a 


grt? nent? n2 até 


+n lo hleks fs eee 
eal array am (m+3) | (m+4)' 





got? nm amte \ 


2 
5 (10g 2) a +38 Cm (m 447 me 


If z= 0 all the terms vanish. 


Ifz= 1, foam da becomes 


1 n n? n? aol 
m+i~ (m+2)* (m+) (m+ 4p 
du log x = dq 1 
(15.) a (1 + ay p= log tee a re a4 a)? 
=: : eee 
dz = ae | + 2 


sc OEE a. 

sania wa oy was 
_ loge +f az 
~~ L+e x tee 


= — 8% + log 2 — log (1 +2) 











x 
rere log « — log (1 + 2). 
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CHAPTER V. 


(1.) J siv’ 0.a¢ = f sin 6 (1 — cos? 6) dé 


= sind de — sin 6 cos?6 dé 





3 a meee 
= — cos 6 + = = — cos 9 + UU sinh =) 


cos 9 sin? § 
= eee C09 Oca ee 


3 


(2.) _f cost 0d6 = [0s 6 (1 —sin? 6) dé 
= [cos bd o— cos 6 sin? 6 46 


in? 0 in 6 (1 — cos? 6 
= sin @— Spits C =) 


_ 2 sin sin § cos? 0 
aaa 8 
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(8.) 





(sin? 9 + cos’ @) @ + cos° °6) dé dé 
ay dace a sin* § 
+f 6d 6 
f= fa sin’ 6 
cos @ coe cos 6 ——-—— 5S er side 
S sin Q a Qsin?6 2 sin? 6 ’ 
Sa 1 cos 6 
oy evo 6 QJ) sind” Qsin?é 


é 1 cos 6 
=e 5) Baare 
log ( tan 5 2 sin? 6 
(4,) sin® EL sin 6d6 sin 6d80 
Laas cos’ 8 =[ cos! 6 ff cos’ 6 
_ 1 1 ( n00} 
<i ~ cos 6 3 cos? Ol3 ee 


] 2 
a es 
3 cos’ 6 ! ae 3 


(5.) x tan" /2 dx, Let = 2 
a a 


§ 





























z= a 2 rdx2=Q0' az dz, 
fx tan! ae dae = 2 om tan—! zdz 
p = tan" sz dq =20x2dz 
p= pee qd ==. 
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ae a 2 
wm ams 5 fae 


OS oct a P : 1 
= —,— fan e-S fle — Zz +1— 7s }d 





a? 2° a? 2? "23 a’ 
eae eae ee Se eR ine ERC ae aes mee 
= 5 tan~ z ate gr att F tan z 
a? e262 x2 
eel Dee, 
= 3 (#° + 1) tan a eo sti} 
a? (2+ a’ z ar /x¢ x 2 
= $ (258) aen/E- 0 — 2 
3 a @ 8,/alse 38a 
2+a' z /ae/(@ a2 
=— —___—. tan — A eee —— ee oe 2 - 
ale a 8 ce 3 +a) 
du dq 
: —_ = 6@ = 5 —— 
(6.) FT ee p = cos* 8 6 cos 6 
d 
Fa = — cost 6 sin 6 q = sin 8, 


2 S cos’ 6d 6 = sin 6 cos’ 6 + 5 {cost sin? 6 d 6 


=sin 6cos'6 +85 fcosté@de—b fcos*6da, 
= 
in 6 cos’ 6 
of cos! 6da= OE + F J costa 6 


Similarly, 


Sf 0086 d0 = 7 sin 6 cos? 6 + if cost od0 
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ls i 0 
[cos 6d 6= ~ sin 6 cos 8 +5 [id= 5 Sin 8 cos 8 4— 





‘ _ sin@cos’é | 5 {: 39 3 
of 008 6d) = —— + 5 47 sin 4 cos’ + 5 


ae yt 
(5 sin 6 cos 8 + = 


cos’@ 5 cos°é —-) 5 6 


lt 0} 6 24 16 6 


d 
(7.) +5 = sin? 6 cos‘ 6 = cos’ 6— cos® 6. 


But from preceding example, 








7 3 COs 6 36 
10db—=si fcos* 6 f 3 é 
fos d sin 0) A + 3 + 





°@  5cos’é@ 5 cosé 5 
66d0 = {eos a nce | 
Jf 08 ( sin 6 "aaa oA Se io yt 7 


u= sin 6 ane cos® 8 an red 
a 6 24 16 16 








cos’@ ~=sin?@cos°6é  ~—cos’6_~—s cos 8 i a 6 


@ 


oC 


= sine |— 6 +e Fer Te $7 i 
_ sg fsin’ 6 cos?@ 1 Sees cos 6 4 
= sin 6 ac Gan 3 cos (1 sin? 6) a oe \ + ar 


_ sin? é@cos°é@  sin®@cos@ sin 6 cos 6 6 


6 8 16 16 
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(8.) ae == sin’ §cos*@ = sin® 4 cos 6 — sin® 6 cos 6, 





- sin’ 6 sin? @ — sin? 9 {2 sin” 
1 1 — cos? @ 
sin 7 5 \ 
os a £008" 8 =} 
== sin’ @ | 7 55 





cos? dé 
(9.) Sw ~gin® 9 +f aay 


a Aaa dq __ cos 6 
{=e — do sin?d 
sin’? | dp ; 1 
FO ame 7 = — 4sin’d 
cos? 6d é@ cos 6 1 dé 
re sin’O  4sin‘@ 4,/ sin®@ 


oe cos 8 
a iS a 
dé a cos 6 tf 
St sin*§@ Qein?6 * 2 sin 6 
do cos § Ps lio (ta 9 
S ast = — Sam 2 °°8 23). 


_ cos 6 8 cos 6 1 ( tan 
7 «= ™~ Qsin’d Spins Tg 1 ) 





_ | a ae eee ee 
= eee loam 8 sin? 6 + 5 log ( tan 5). 


8:2 EXAMPLES ON THE 


aé sin’6d@ dé 
ee ate Scot 2 er 


‘ dq sin 9 
P= sin § rT = tos® 6° 
dp l 
7 | cameos 1d =~ 5 cos') 


ae 
——— NN 


cos’ 6 5cos°6 5./ cos*é@ 
- sin 8 A aé 
~~ 5 cos’ @ - BS 0 
a6 = sin 6 
Se ~~ 8 cos? 6 +5 / 


_ sin § 2 sin § 
~ 8eos?6 | 3 cos? 


fee = sin 6 1 dé 


Similarly, 








_ sin 6 = { sin @ + pont | 
~ § cos’ @ ' 5 (3cos*8@  38cos8 


= sin 0 { a ee } 
-_ bcos’ @ ' 15cos'6 15 cos 6s. 


du sin®@ sin é@(1 — 2cos?@ + cos‘ 6) 


(11.) dé cos*6 cos? 6 
sin 6 : ; ‘ 
= — , — 2 sin 8 + sin 8 cos’ 6, 
cos’ 6 


cos? 6 
3 





1 
*. “u=—atT 2cos 6 — 
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83 
1 : cos* 6 
= 6 — 
a4! + 2 008 5 \ 
1 1 — 2sin?6 + sin? 9 
oe a Ai a Onin’ 6 ae 
apt t2— 2sin | 
_ 1 (sin*6 4sin?6 8 
= ol 8 8 a 
du _cos'6 : dq cos 
a a 6 sin? 6 
dp : 1 
767 3 8ind cos’é q = deine 
i Ane cos? 6 3 {== 
" """ Qgin?@  Q, gin 6 
_ cos* 8 3 cos’ 6d ae cos! 6a 
~ Qgin?@ Q gin? 6 Ba SS sin? @ ° 
cos? @ cos?6 dé 
Oe eo 8 f 6 
dq _cos@ 
= @ —_ = 
See dé sin®6 
dp : 1 
= ae 6 eee 
aa ee q 2 sin? 


~c0s°6d9 = «cos 0 
J sin’@ sin?d -fs 


cos 6 


l 8 
~ Q5in?6 5 log ( tan 5); 
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1 3 cos 6 8 é 
2S, 3 ae, eee — j, 
= =p {cos é 5 i 5 log (tan 5) 





(13.) du _ 1 o,. ot is 1 
“ a8 sin? @cos*@~ cos* 6 sin? 6 cos 6 
sin? 6 1 1 cos 6 
~~ cos? 6 cos 6 cos@ ° gin?@. 
vee sin’6 d6 +2f ao I 
- fl se cos’ 6 cos@) sind 
: dq sin 6 
= 6 — = 
ar d@  cos* 6 
dp 1 
_ = 6 — 9 
os q 2cos* @ 
sin? 6dé6 sin @ 1 aé 
" af cos’6 -2c08?6 2./ cos 8 
ce sin @ ay as dé 1 
TBogg po cos@ gin 8 
1 1— cos’6 6 
Meter | cba il 1 jta G 5)t 
sat 2 cos* 6 N45 °8 = 473 
= wes : s} +5 + — log ta (5 + 
sin 6 (2 cos? 6 eran 4 a) 5): 





INTEGRAL CALCULUS. 85 


(14,) du 7 7 1 1 
‘) “G6~ sin*?@cos?6~ sin?Ocos?6 sin’d 
1 Ge ci, 1 1 cos’ 6 
~ cos?6 | gin? d + ante sin’?@ ' gin’ 8 
26d0 
', w= tané af a {= 
sa sin? é a {Se “sin? 6 
4 dq cos 8 
= cos 6 —_S = 
[se P oe d@ sin’? 4 
sint@ ) dp ; 1 
ee pee 6 Sess ae 2 aha 
_ a8 iad 4 3 sin’ 6 
_ cos 6 dé 
~ §8gin?@ 8 sin? 6 
u = + tan @ 
8 ar 6 + 3 5 | a sin” 6 
cos? 6 sin9 6% cos@ 
~ 8gin?@cos6 cos@  3sin 8d 
1 — sin* 6 3 sin? é — 5 cos’ @ 
3 sin* 6 cos 6 3sin 6cos 6 
I 1 + 3sin?é@— 5 cos? 6 


al 3 sin? @ cos 6 


— is eee 


~~ 8 gin’ 6 cos 8 


3 sin 6 cos 6 : 


1 4 (sin? 6 — cos? 6) 


3 sin 8 cos 8 


_ 1 8 cos? § — sin? § 
~ gsin* 6 cos 4 3 2sin 6 cos 8 
1 8 
3sin*§cos) goo 
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(15.) * == tan‘§ = tan?6(1 + tan? 6) — tan’ 6 


== tan?6(1 + tan?6) — (1 + tan’6) + 1, 





36 
se a Pa 
3 
du 1 1 + tan? @ 1 
(16.) dé tan®O?  #&£tan®d  tan®@ 
__ 1+ tan’ 6 1 + tan?6 | 1 
~~ tan? 9 tan®°6 ° tan’ 
— | 1 ; 
A % = Tid + Stanzg TOBE sin?. 
du ae dq 
(17.) qe 77% cos 6 p=6 qe 7 0089 
dp 
—— = 36? = gi 
16 6 gin 6, 


uc 6 sin 6 — 3 [6 sin 6da6 


— sin 6 


8 
I 
2 
= 
alg 


FF ead So ee 


[%sin 6do == — 6? cos 6 + 2f 0 cos 6 dé 


dg 
Cr te cos 6 


S& 


P= 


dp 
=— = = gin 6 
A 1 q 81n 
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_ [Perso de = 6sin@ —[sin ddd = 6 sind + cos 6, 


*u= 6 sind + 36 cos 6 — 64s8ind — 6 cos 4. 


yy) 


~ 








(18.) Se ae 
dz / 1— 2 
ee: x dx on dq x 
Oo in 2c. = a ee.) ere 
a fl — 2 dx /1l—# 
dp ——. 
ca q=—VJ/1l—z 


| Fog VF Hae 
e a a 


=-2 Jin # + [Ss et a3 


adz 
a hwy: Sa V1 2 + 58inte 
/1—x 


9 


~ 





Next, to integrate —~=—-—= sin“, 
/1l—2 
d ro 
= sina = 
ee 7 ear — # 
dp 1 ——_~ 1. 
—_—_ = pee ee) 1 aw 4 oe. 
/1—2* 2 2 
1 -1 ~1 
== 5 (sin a) — 5/1 —#sin +5 zax 


ae 


1 [222 
2S Si —x# 
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ve a/l—x. a oe 
= 5 (sin™ sy 2V sin! x += — 7 (sin 2)? 


(19.) — = ———- in" z. 





sin a » da 


coud l—2 
_ sin 2 ft/s > da 
J/l-e l— a +f} 


sin] a fe Aled 1 — 























J/1l— 2 ara 
du 2? Si 
(20.) a jogo 
dq a 1 

= = = =j]— 
pstan™s le ee 1 Type 
d 1 
is Tae q = 2 — tana 


awdx tan! a2daz 


', ws tan a(a — tan a mnninie ins ceca 
3 ( Vie 1l+2" . 1 + 2’ 
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Ae ees —1 »\2 
= tana (2 — tan7' x) — log /1 + 2+ (ony 


1 eer ee 
= ztan 2 — 5 (tan™ 2)” — log Sl + 2 





du fk 
(21.) + es e* sin” 2. 
‘ dq 
aes 2 —- ome Qar 
p=sin’x qa, = 
dp : eas 
qn 2 Sin x Cos x aaa 


] ss 2 ; 
us —e2%? gin* x — —f e@ sinrcosadsz 
a a 








: dq 
p=snercose —— = ett 
da 
) : ear 
Cl = cos? x — sin? x qQ= 
ax a 
=] —Qsin’z, 
ov. fer sinxcosx da 
1 - 1 Q oaks 
=-e*"*sinaxcosxr— — fe**da+ — Jf e** sin’ ard, 
a be a. 
1 rs 2 ' ete 4 
ow. Uae ~ C8 gin’ ea — —-e% sine COSe + —; _—>; 
a a a a a” 


as 





as 2 
wu(l+4 7) = em SNE (asin — 208 2) + : 


e¢* sin x (asinx — 2cosx) ger 
era a(a* + 4) 


ov U — 
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] 

ae ) 5 ™ (a + bcos x)® 
Assume 

dx _ A gin 2 dx 

(a+bcosz)? a+ bcosx | era gor 

Taking the differential coefficients 

1 _ Acosaz(a + bcosw) + bAsin’ x 

(a+ bcoszP — (a + beos x)? 


B(a + bcos 2) 
(a + bcosz)*” 
', 1=Acosz(a + bcosx) + bAsin’a + B(a + beosz) 
= Aacosz + Abcos’2 + Absin?z + Ba + Bbcosz 
= (Aa+ Bb)cosx + Ab + Ba. 


Equating like powers of (cos 2), 


Aa+ BL=0O, .A=-iB 
Ab+ Ba=1 
B(—“+a)=1, «B= a4, 
aan eae 
SS atiey 


_ b sin x a: a ax 
~ a*—b*? a+bcosez aoe | wera 


_ 1 —bsina -_ dz \ 
es rrr r S axtouc 
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(23.) To integrate e* cos k x. 


Let p = coskx dq = e™ dz, 


ew 


dp=—ksinkexdz i= 


(1) fo cos kada =o" 4 7 f asin keds. 


(2)_few Binkeda = ee a cos kad. 


Multiplying equation (2) by = and substituting in equa- 
tion (1) 


kK? e“coskx ke sinke 
fo cos kade (1+ 5) = Sa a aa 


f{ en eee e™ (a cos ad oe sin ka) 
a* +k 


(24.) To integrate e— sin kz, 


p=sinke dq =e dz, 
—art 
dp=keoskex q= —— 





—asinkx Kk 
(1)... e—* sin ka da = — - ms + foe cos he dx. 


(2) fo cos ka dx 


on k 
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Multiplying equation (2) by ( *) and substituting in equa- 
tion (1) 


: e~ sinkx ke~* cos kz 
few sinks de = Sa aor a aa 
a “a 


— 5 fa sin ke de 


a+ k . e~** (asinkx +k eos ke 
ai e~* gin kzxdza——~— Za Es Oke 
a’ . a? 





° —ar : , k 
foe sin ke da = — (esin ke + Boos ke) 
a’ + f° 


dé 


dé cos? 6 
95, Ste on OT — fo 6 
( YS =o a + 6 tan“ 6 


_ {d(tan 6) 1 —1 - | 
= {Spee = (tno 4 /; 


(26.) cos 6 dé 7” cos 6d @ 
(1 — e? cos? 6}: 7 (1 — e + 6* sin’ 6); 
cos 8 
sin® 6 


mom 
romana 


3 l é 5. 
Cee (93 + 1 —) 


1 l 
r Q ¢ (5) 


0-0! (gates)! 
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oo ite es tase ee 
1 e* 
pane) tala ge 
ee) sm? 0 * Toe 
_ sin @ 
(1 — 6) /1 —e* + @ sin’ 6 


7 sin 6 
(l—e)/1 — e* cos? 4 


3 3 
(27.) Sf (os 26)? cos 6d 6 = / (1 — 2 sin? 6)’ cos od 6. 


: dx 
Q in- 4 = 2 dé= ——___ 
Let 2 sin? 6é= z ew: 
Inn 2rd _ 20" + 24) de 
fa V2./1 — 2? 
2Q x? 4 
Pode dz da xridz 











Jice Wiese  Jiee 


2 
fasu=-5 ery 1 


—— [— a* + 5 sin- 2, 








a* d x 3 2 
IIE — wt Spee ees 
STS Vine +7) jae 

3 
=-/i-#(5+55)+3 


— gin! 
Q.4 oo zy 


a /2Qussinta + 24/1 — 2? — sins 


af 2. Se oD cir ig 
—~Ji=a(Ztz) tse 
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= J/i-a (2 ~ 2) 42sine 





df 2 sin @ 2.4/2 =) 
8 


J au = feos 26 ( ri 


+ ; sin—' (4/2 sin 6), 


ee BIO 
u = / cos 26 ——(5 —4 + 4 cos? 6) 


Grae 
8/2” 





+ Bin ~’ (./2 sin 6) 





+ 2cos 26) a/ c08 2 YO + my sin! (/2 sin 8). 








6 
(28.) - sin 6 dé =f” sin@d6 
/ sin? a — sin? 8 \/ cos’ 6 — cosa 


d(cos@) __ pe ae et 
= S\ Fa =— log (\/ cos? 8 — cos‘ a +086) 


os* 6 — cos’ a 


= — log (\/ sin? a — sin’ é + cod) + C. 
If 6 =a, wu = — log (cos a) + C, 


f 6 sin@daé@ ioe COS « 
rae ee a O08 8 eee 
« \/sin? a — sin? 6 / sin? a — sin?é + cos 6 
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CHAPTER VI. 


ON DEFINITE INTEGRALS. 


In the process of differentiation all constant quantities which 
are merely added to, or subtracted from, those quantities 
which contain the variable disappear; and, on the contrary, 
after integration, there may be a constant quantity connected 
with the integral which we have not in that operation ob- 
tained. The letter C is therefore added to every integral to 
represent this quantity, and in order to determine its value 
we must in the first place find what particular value of the 
variable makes the integral O; we thus get two equations, 
both of which contain C, and between these two equations 
C may be eliminated. For instance, if we have /32'd4 
=a'+C for the general value of the integral, and the pro- 
blem indicates that for the particular value «=a, the in- 
tegral becomes O, then O = a’ + C; by subtracting this from 
the general value of the integral we get 2’ — a’, in which the 
constant C has disappeared; this latter is called the corrected 
integral, and is written thus, 


x 
3edea= a — a’. 
a’ @ 
In this expression the value of the integral commences when 
x =a, and if we give another value to a, say = 6, then we 
have fully determined the value of the integral, which is now 


written 
b 
f 82° da= b*? — a’. 
a@ 


This is called the definite integral, and is said to be taken 
between the limits « = b anda =a: the former is called the 
superior limit, and the latter the inferior limit, and the ope- 
ration is called integration between limits. 
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In general ff () dxz=(r)+C. 


In order to determine the definite integral, we must, accord- 
ing to the nature of the problem proposed, assign the proper 
limits, which we shall represent by a and b, as before; then 
we have 


fI@ dx = 9(a)— (0). 


As every function of « may represent the ordinates of a curve 
whose abscissa is x, it follows that the operation of inte- 
grating between limits may be applied to finding the areas 
and lengths of curves, the volumes and surfaces of solids of 
revolution, &c. 


Examples.—Areas of Curves, Volumes of Solids, éc. 


(1.) The general equation to a parabola of any order is 
y+" = axm". Then, since A = fe ydx taken between the 
proper limits, we have in this case 





m n 
A = far wt" da 


m m+2n 
qutn amtn + C, 








mr + 
m+2n 


Then we perceive that the area = 0 whena=0, .. C=0; 
and taking the above between the limits z= 0 and «=a, 
since the value of the integral commences when # = 0 and 
ends when 2 = 2, we have 


& 7 m " m m+-on 
———_- m+t+-n — 
f qmtn et *da= 7 qm tn ge. 
e/ o maeNn 





~ 
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(2.) The general equation to hyperbolas referred to their 
asymptotes is 


xy” —_ ar"; 











m+n 
aqmtn a n 
es ONO Ye m” 
gn 
m+n 
q * m+n —™ 
A= fyde =f da=fa* za” dz 
ia 
a zn 











n—m 


We must here determine the constant ©, as in the above 
example, that is, find when the value of 2 makes the area 
= 0, &. We must here observe, that this formula fails 
when m =n; for then A =C + a’ log a, which cannot be 
determined by the above method. 


(8.) The equation to the tractrix is 


dy _ y 


dz (a2—y)b 


ydz = —dy(a — »)}, 


and A=fyde = — fay@— yx) 


y 


J aC 
a 


eee Ly pr, eee op  @ | 
= 3 @ y’) 5 sin 


Then in order to find the area included by the positive axes, 
let y = — a, observing that C = 0, 
F 
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2 


or @ ao 
whole area = *.° sin 1 = 


01 4 


Since it is shown in all works on the Differential Calculus 


that 
dV _ dS a/ dy \? 


dz 2 


it follows that to find the volumes and surfaces of solids we 
have to integrate these functions between the proper limits. 


Examples. 


(1.) To find the volume and surface of a sphere. 

The equation to the circle referred to the centre is 
y' = 7° — #, where r represents the radius of the sphere; 
and as one value of 7 lies wholly above and the other wholly 
below the axis of z, we must integrate between the limits 
e2=—rand =r; we have 


+r 
Ver [i (? — a) de =v 


r 


If we integrated this without reference to limits, the ex- 
pression we should have would give the volume of the segment 
of a sphere; and we observe that C = 0 when = 0, since 


the integral becomes 0. 
hater dadias 
= —_—- jr ] — 
Also, S = 2 ya/ r+ (2) Qa fy ur 
ax Qe Jy + wdz 


+r 
= anf (de = Qa xX Qre=4orr’. 


=e 
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We might form the integral 
Qn fV(y¥? + 2’) d2z= Q0 [vr dz 


by writing the value of y* given in the equation to the curve. 
Hence the integral = 27rz, which is the surface of the 


segment, whose height is z. 
(2.) To find the volume and surface of a prolate spheroid 
formed by the revolution of an ellipse about its major diameter. 


2 
The equation to the ellipse is y? = ~ (a? — 2°), where a 


and } represent the major and minor semi-axes respectively. 


b? 
Hence, V=cf ydzx=-r =f (a — x )dz 


ae ee xv 
which is the volume of a spheroidal segment, remarking that 
C=0. Next we must integrate between the limits 2 =—a 
and 2 =a; then we have 


2 +a 4 
V=ar = - (a? — 2x*)dzx =5 aba, 
ds - a/ dy \?* 
je =e fv A/ 1+ (FE) 
dy b x _), Bb? x 
= — —- ———__., .". l — J=1+—-———: 
and de a (a mye + (3 + Fea 


a? — 6° 
If we write e* for - we have 





a? — e* 2° 


2 
A+ (z) — @— a’ 
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setafali + (Byer /(S-a)le 


md (5 — +) a in C 
mee ak Br i ne fe ac 


Here C = 0, and if we integrate between the limits «= — a 
and # =a we have the whole surface 





_ 2xrab 


{¢ (1 — 6)! + sine \. 





e 
(3.) To find the volume and surface of an oblate spheroid. 


In order to determine the equation to this, we merely have 
to change a into 8, and we have 


a? 2 
¥ = BF — #), 


2 age 2 
ef @-#)de= e(e-F) +e. 


Integrating between the limits z=—b and z= +b), 
observing that C=0; for V=0 when a= 0, .-. the whole 


volume 





and V = 





_ 7a +O 98 2 nog lo act 


and the surface of the oblate sphere may be found in the 
same manner as the last. 


(4.) To find the volume of a circular spindle. 


Here let O be the centre of the circle of which ACB is a 
segment, and let OC = the rad. =r be perpendicular to 
AB, OD =a; GD =z and the chord AB = 2c; GF=y; 
(see figure page 103.) then we have 


r= P+ (y+ a)’, 
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Your—a’—w#—2ay, 
Vertfydr=2f(r— a — 2 — 2ay) dz 


3 
= 9 {(r? — a*) a 4+ = — 2afyda} 
3 
=n {(r —a')e— = — 2a xX gen. area DGFC} + C. 


Here C =0, and the above gives the volume of the frus- 
tum HECE, the double of which is the whole frustum HFIL. 
The limits are # = — c, and « = +c, we have volume of the 
spindle 
= 27 {4c?—a x gen. area ACB}. 

(5.) To find the volume of an el- 
liptic spindle. 

Let ACB be the generating arc 
of the ellipse, in which AD =c, 
OD =1, MO=a = semi-axis major, 
and OC == semi-axis minor; DG = a, and FG = y. 
Then from the property of the ellipse c being the 





a:b:: (a — 2)! 2 a — 2) = PF, 


2__ a) 
Hence y = “= 2) — 1, 


b? 2b1V ee —2 “ 
P y ae a) os ey Tans. v~, 
. Vor fy dx 


anf (v—-S /aae +e) ae 


a 


= ei alae = (a — Ps + 2? dx 


se fie 

ms — x’ 
3a" 

== volume of ECFH, and when a =c, C= 0, 





=r{l? a. — i. areaDGFC} +C 
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8c? — ¢? 
8a* 





. we have a {bc . — 24. area DAC}, 


2b? i : 
or, riaaee — 22. area pact, 
Sa 


the double of which will give the volume of the whole 
spindle. 


(6.) To find the volume of a hy- 
perbolic spindle. 


Putting 1 = the central distance 
OD, c= AB,and retaining the 
notation employed in the last, we 
have by the nature of the curve, 





“. y= OD— NF=i— 
ae fy ae 
OO yee 2 1 pe 
=e f\e- = Jere +o (2" =) fae 


2 a2 2 2\$ 
anf {e-#4+3 + (i-S#*") 2il de 


a 


b? 
2 2 
= + {ai x area crop — “3 (Te —=\h 4c 


a (80°? —42’ 
= 7 2i x area GFCD— —> x (———* ) +C, 
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and C= 0. This is the volume of the frustum FCEH, and 
for the volume of the spindle we have 


an {2% x area AFCD — —— 


(7.) To find the surface of a cir- 
cular spindle. y 
Retaining the notation used in 

the last, we have 


no=y+a 





= / OF? — Fn? = J 7? — a, 


y=(r—a —a, 
dy _ 2 dy ® 
ee ay ee 





a war 

“i Ss == 25 A/V + peee 

= Frye yeyh \ iy (oe La 
=22r eu x’) a Ae dx 


a - oy Z 
=2nr f 1 — athe ter{e — asin Z 40, 
Jr — x : 


and C=, the surface of the part HECF; and if w=c, we have 





; Cc 
sSs= amr je—asin<}, 
Tr 


the double of which will be the surface of the whole spindle 
ACBE 
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(8.) To find the volume of a 
parabolic spindle. 


mb 1 
Put CD=h, AB=2c, and “\_(j] WF 


z= AG, and y= FG. 
From the property of the parabola 
AD?: AG.GB:: CD: EG, 
ef: a(Qo—a)i:h:y, 








oe or 


t — me 2 
Sate a A y= (deta — dea? + 2°), 





c 
eae Vo=r [xpda 
h? h? (4c? 2° x 
Sal Se (Aca? — dea? + ai\de= "—( _ —cat +=), 


the volume of AFH, since C=0; when 2 =e, we have 


wh? /40° © 8 
ALG (hike ROI Ae Taal, eae 5. Fe 
ot (5 ¢ +5) ioe 


volume of the semi-spindle; and, as we have found the volume 
of the part AFH, if we subtract this from the whole semi- 
spindle, we shall have the frustum EHCF, the double of 
which will be volume of the whole frustum EHIL. 

In the same manner as in the last example, we may find 
the surface of the parabolic spindle. 

(9.) In a parabola find the area included between the 


curve, its evolute, and its radius of 
curvature. 


area parabola ANP = fy dx . 


=2 /a fvada= = vad, 








ip ad 2 
area evolute A N’ P =/|@da= Sf @-2a) de 


84/34 
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12 2 


§ 4 
Qa = ——— 9 8a = 
15 4/3a oe D r/ 


m—m\(ae-= 
aA, ( 
Q 
y Ee aay. 


subnormal NG = y “3 =y 
u y 


_ NP.NG 3 
f168 ENG Seg a a ee x 


GN’ = AN’ —AG = 34 + 24 — «&— 2a = 2Qz, 


GN’. N’P’ ‘ 
area LSS a zx 


2 
= Ate 2 a 

area APP’ = APN + NPG + AN’P’ — GN’P’ 
4 : 22 Qe aa! 
=~ /ax + 2a ae ar a Ta 


3 
20a2° + 80 aa + 6a! 





15 /a 
_2Se F 2 ds 
=—(« + 5aa+ za" ). 
(10.) To find the length of the spiral of Archimedes 
r=@ aa a, 





_—— S™ es 8S = 
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I =— rdr 
= = 2 ad {(S ta fs 
=f / +raar= a Srraen 
——_— lp Se Se 
aM PTE HG ferent e foe 
Tr a a3 
a — fr? + a 
ae . iS Jae +9 foae5 











’ a dr 
sag V0F8 +5 (SSS 
=o fF tai + lo pare) 


(11.) On AB, the diameter of a given semicircle ACB, take 
AD =the chord AC; join C,D; bisect CD in P, and find 
the equation and area of the locus of P. 

Join A, P, and put AP = y, 2 PAD = 9¢, and AB = 2a; 
then AC = AD = 2acos 20, and AP or y = 2a cos 9 cos 22. 
Let AP = y be drawn in an opposite direction; then 
g will become 180° + 9, and AP or y will become = 
2a cos (180°=¢) x cos(360° + 2¢) =— 2a C08 Pcosrep=—y 
which indicates that when ? passes 180°, 
the point P will begin at B, and de- : 
scribe exactly the same curve which it 
has described; hence, when @ arrives at 
180°, the curve is complete. When 
y =0, @ has three values from 0° to 
180°, viz., 45°, 90°, and 135°, which shows that the point P 
returns thrice to the point A, and therefore describes three 


noduses; 2 area ABP =fyd 9 = 4a®fdo cos? 9 (1 — 48in? 9 
cos” ¢) = a’ o+4a’ sin @ (3 cos 9 -- 2 cos’ 9+ 8 cos’ ?), 
this between ¢ = 0°, and 9 = 45°, gives i circle + 2 a’, or 
1-45206 a? for the area APBEA, and between 9 = 45°, and 
= 90°, gives 4 circle — 2 a’, or 118733’ a’ for the area 
of the other two small and equal noduses, each of which 
are therefore = } circle — 4 a’, or ‘V5936’ a’; hence the 
area of the entire curve comprehending the three noduses 
is equal to the semicircle ACB. 
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(12.) ACDB is a given circle, whose diameter is AB; on 
the chord AD, which is an arithmetical mean between the 
chord AC and the diameter AB, take AP, a 
geometrical mean between AC and AB, D 
and show the nature and area of the curve e 
which is the locus of P. 

Put AB=a, AP=r,and Z PAB a B 
= 9; then AD =acos 6, andAC=2AD 
— AB =2a cos § —a, and consequently 
AP* or r? = AC.AB=a? (2 cos § — 1), 
the polar equation to the curve. For the quadrature we have 


2 area ABP = frde=a@ fade (2 cos @— 1) 
= 2a’ sin 6 — a’ @. 


To ascertain the limit, put r = 0; then r? or a? (2 cos §— 1) 
= 0, and cos 6 = 4; therefore the curve makes an angle of 
60° with the diameter A B; hence, taking the above between 


§= 0, and 6 = 60°, we get a? 8 — Fat. 20, or @ x 6848. 


(18.) Let the given circle CED, whose diameter is CD, 
touch the indefinite nght line AD in D, and from the given 
point A, draw the right line AEC, 
on which take AP = the sine of the 
arc EC, and find the equation and 
area of the curve which is the 
locus of P. 

The lines being drawn as enun- 
ciated, put CD =a, ZL DAC = 20; 
then AD =acot®?, and, by similar 
As, CD: AD:: CG: EG =coto x CG; but, by the circle, 





a 


i 
EG = (a.CG— CG’) ; whence CG = —~—__. = 
cot°o+ 1 


a 


sin? ?, EG = AP = (a’ sin’ o — a’ sin’ 9) = 4a sin 29; 
the polar equation of the curve. When = 90°, AP = Q, 
when 9 = 45°, AP = 3a, and when ¢= 0°, AP = 0; hence 
A is a punctum duplex. 
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Quadrature— f4AP xdo= ba? fdosin?29= $a’ 


(— 4 sin 49+ 49), which, between ? = 90°, and 9 = 0°, 
gives 4 of the given circle for the area of the nodus APA. 
(12.) Let AB, the base of the right-angled triangle ABC, 
be produced till BP be equal to the diameter of the inscribed 
circle. Required the equation, quadrature, and 
greatest possible ordinate of the curve which is PF 
the locus of P, the hypothenuse AC being given. CQ 
Put the hypothenuse AC = a, 3'14159265=z7, sy 
and angle CAB = z; then, by trigonometry, AB c A 
=acosz, and BC =a sina; whence BP = 
AB+ BC—AC=a(cos2+sinaza—1), and AP=a 
(2cos x + sina — 1), the polar equation of the curve. When 
x= 90°, AP=0, and whenz = 0°, AP=a; .:. thecurve 
commences at A and terminates at C. The maximum polar 
ordinate is when cos «= 2 sin az, or when sm x= /5, 
or x = 26° 33’ 9”. 
Quadrature.—The differential of the area is =}AP? der 
=tadzx x (4cos*244 4 cosxsinaz +sin?s—4cosr—2 


7 ; o 
sin + 1) = 4arda x (5 —4cose—Qsin x + 5 cos 2a 


. ; 7 
+ 2sin 2x ?: and the integrals give the area = § a’ x ( > 


6 


3 ; 
—4sin s + 2c0s 2 + —sin®s—cos 2x ); which, be- 
tween x = 0°, and xz = 90°, gives { a’? a — 2 a? for the area 


of the whole curve APC, or in numbers = ‘74889357 a?, as 
required. 


The area of the space inclosed by the curve 


Bosaee. 
ay = 2° a? — x is 5 a’. 


eer : [yaa oe fee — 2°) dz 
Va 


=-—. = (a — a) + C 
a 


INTEGRAL CALCULUS. 109 


If z= 0 Area = "a? + €. 


Ife=-—a Area = 0, 


*. Whole area = ‘-* a’. 





The length of the curve, y log (5 = +.) 


from «=1 to#=218 =log (e +e"). 


y = log (3 =), 


dy _e(e?—l)—e(e +1) e—l 























dx (et — 1) (e+) 
— 26 
Wr ee 1 
: dy? e'*¥ —2e* + 1 + 4e** = (+ -); 
7 G2 (e* — 1) ~ \er— ] 
ay er4 idz 
sa faa/i+® T de J eT 
eda . de o 62. x oe -f 
—_ = d a 
={s5it e—1 el 
S = log (e* — 1) —2+C. 
If z= 


S = log (e*—1) —24+6. 


2=] 


S = log (e?— 1) —1+6, 
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“. from z=2 toz=1 S = log (e*— 1) — log (e?—1) — 1, 
S = log (e* + 1) — loge 
e+ 
= log (——}) = log (e + e~"). 


(14.) The length of the curve 8a*°y = 2 + 6a’ 2’, 
measured from the origin of co-ordinates, is 


aa (2 + 4a)! 


eens ee 2 
y= 543 (* + 6.72’) 





dy _ } 3 € 2 —_ 1 2 2 
dy’ i 2 at ? 
: ee 9 7 4 
aa re [qs (@ t+ barat + a‘ ae” + 42°) 


{2° + 8a° 21 + 8ata2* + a® + 3a? (2 + 2a’ 2’ + a‘)} 


1 2 2 2\2 
=ra{(# +) + 3a? (x + ay 


as : — 


=i 


(x* + 4a”), 


putas ce +4= so [ot + a”)\/a' + 40° da 


l 2 4 
=s55 (a? + 407)’, 
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(15.) The volume generated by the curve 9” (2 — 4a) = 
az (x — 3a) revolving about the axis of 2, from # = 0 to 


n= Bais = 5 a°(16 — 16 log 2). 





ta 888 a (at a4 “-) 
oe za—4a a—4a/)’ 


e 2 
Vs [fia=na (5 + az + 4a* log (7 — 4a) ) + C. 


Ifz=0 0 = 4ra@® log (— 4a) + C. 
Ifz= 38a 
9 
0 = ra (FZ + Sa? + 4a log (— a) ) + C, 


._V=7Ta a — 4’ Jog (— 4a) — log (— a} 


a 
=e {ls 8 log 4, 


ree _ el 
= 54 fis Peace aay 


(16.) Find the area of the curve in which 
(a? — 6°) sin 6 cos 8 
C—O 
/ a? sin® 6 + b® cos? 9 
1  ;'(a? — b*)? sin? 8 cos? 6 


] 
orcas frdi=5 a* sin? 6 + 6? cos? 6 _ 


_ 1 p(a®—B*) sin? 6d 8 


2. a’ tan’?6 + b? * 
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] : 
Let x = tan @, d6 = ——. dz BY a eae 
l+2 J1l+2 
1 Ce) ee ae 
area = 5 l+2)1+2° 
a? 2* + Db? 
1 (a? — BY 2 dz 


—aJ @eth +P 


ee = A B fe C 
ty = fete t+ Oy ey 1+ 2? 
(a? — b*)? 2? 


=A(l + 2)? + B(@’ 2 + &) +c¢(1 + 2) (a? 2? + 6). 


2 b° 2 aye 2 
Let a = — —,, = (a — 0’) Pee ( 





a — b ) 


a 


A=— a’ b’, 


Lete=/—1; — (a?— 2)? = — B (a? — 8°), 
-, B=a’— B’, 

(2 — BY 2 — (a? — 8) (ao + BP) + eB + 2) 
= C(1 + 2’) (a’a? + 0”) 
—(?@—B)(1+2) 84078 (142° =C(1 + 2%) 
(a? a? + 2%) 

Pil+2)(?+a a—a?+6*) = C(1 + 2’) (@’a’+ 8) 


C= 87, 
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_(¢-—')edae | a’ dz 
Se @ar eh) Otay 


= 0b fF + ”») {a 


az 
2 rena 
+ 6 pat 
But ms dz zdz 
& fate ies, (1 + 2)? 
> dx x 1 dz 


1 + 2? 2(1 4+ 2) 2 1 + 2’ 


uae dz - x 
~ Q 1 4-2" 2 (1 + 2)’ 





de a’® dx a’? + & dx 
~ Q a’ x? + 0? 4 1+ 2 
ze x 
4(1+ 2’) 
db az a’+Q0b* x 
= — — = tan! —______.. 
2. Ea eae ey 


Taking this between limits @=0 and 6= 90; 
or, 7~=0 r«#=o@ 


sat = abx (a—byr 
~  4& 22 #4 2% 
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(17.) The length of the epicycloid after one revolution of 


the generating circle = 8 “ (a + 6), and the area between 
. , : 26 
the epicycloid and the circle = a b? ( 8 + —) 


r? — g* 


Pp=e ( =—.), equation to epicycloid in terms of rad. 


vector and perp. on tangent where c = a + 2b. 


ds T 

dr Jt 
‘ 2 Pr —eOr—cer+arc?  a?(e—r*) 
an aca" amg 


ds_ Ve—a’ r 
dr a VGH 


Ve2-eg ,—— 
: VG P+. 


sat 





a 
Ilfr=a+2b=c, thens=0, C=0. 


c—a@ a+ 4ab+ 40— a’ 
a! a 


Ifr=a, thens= 


4b 
a= + — 
s= +— (a+), 
hence whole length of arc of epicycloid 


8b 
a + b). 


INTEGRAL CALCULUS. 115 


‘Also to find area ~ =— tL P 
dr JP — Pp 











area, ae [eins (1Uvea% 
De Qa f/e—r _F7 


Let? —@=2, rdr=zdz, ?—r=e?—a’?— 2, 


2dz 


= if c? — a? = p? 





wen = 5 /FE== 
caer Bo A a ge 2 
=—5,°V# A+ a7 [de/F 


=—5-2 JRF —— 


~ ul eS edz 


area = — a / PF sai + C. 


B 


If r=a then z= 0, and area = 0, 


r=e then @—2=0 2= 0? — @’, 
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c(c? — a’) ein /e— a 
4a /e —@ 


__e(c?— a’) x 


.. semi-area = 


4a 2 
; a 
area circle = 5 Qoeb = rad, 
, 
area between epicycloid and circle = ea x —wab 


_ (@ + 26)46(a + 8) 
See ae ne ee 


— 7ab 
== (ab + 3ab + 268 — ab) 


= 2b*(3 4 =) 
a 


(18.) Find the length of the curve where 
ai + ys —— at ; 


si Poe pee \/ ¥ 
3 4 $ 
at at 2 


Taking it between the limits z =0, «=a, 
3 


8 = -— a, 


2 


The whole length of the curve 4 x Sa = 6a, 
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(19.) If k = height of a parabolic frustum, a and & the 
radii of the ends, show that 
Frustum = 7 (a? + b’). 
Equation to parabola 9? = 4m2. 
rth rth 
vanf Yde=dsam f vdx 
=2Qam {(a# +h) — 27} =Qrm(Qrh + h?) 
=" {dma + 4m (@th)} = (at +B) 


(20.) Find the area of the catenary 


y= (+6). 
a ie 
Area = fyde= $f (¢ +e \ ae 
=-| ae®* — aé 4]; 
2 
=2a/ wer + 2a’?+a’e *#—40 


= 5 Vip 4a =a / yo 


-wilea 


(21.) Find the area of 2*y* — aty* = a’, 


a’ 
YJ = 5 
\/ a — ab 
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* f= dz < az 
area= f ydz = a’ [| —_——__- = a —, 
ff: \/ a — at J @% 


If 2 — at = of, 





7] Peed » z 
; _ p72 es geptie es ated ee = 
area =a? f ~ 7G de a {—* de 
=2h 1 I; ] i 
~QsJy—2 J1ls+e 


a? rj a> > | a? I 
=S fan ttl - 3s / ae 


a’ l+2 a 





eee Se —~ly 
=F log roo tan—' z 
at — a‘ a® 
But 24 = = = zy 
az 
_ z as zy az x a? 
area = — log ae re 
ay 
2 Facies kore? 2 
=F} log od hi ae 7 a =} 
2 zty—a@ LY 
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(22.) Find the volume generated by the revolution of the 
witch round its asymptote. 


gage = 





equation to witch, 


zy? = 8a’ — 4a’z, 


a 8 a5 
+ 4a” 


4a°dy 
Volume = x fxay = ]l6a‘ wren 


* dy > x dy 
—- 4 oa 4 I 
= Il6a S) ara l6a a iy + 4a'y 


J * ay 
1, = 8 4 : 4 . 
Volume a ee Pe ™ y+ 4a? 
* 1 JY 
= 8a'x > caer ee ee Oa 
Taking between the limits of y = o andy = 0. 
Volume = 4a'*x tan™'o = 2a°a’, and whole volume 


renerated by curve both above and below the abscissa 
= 4a x’, 


120 EXAMPLES ON THE 


MISCELLANEOUS EXAMPLES. 


(1.) I /2axz—# . az 


(Qaz— 2)dz 
/ 2ax — 2° 


{2 fa +(a—sx)} 


/ Q2a2— x 


= { 2 axdz (@—2) adr 
/az—a + J/tax— a 





(a—xr)dz.z2 
« VY 2ax — 2 
= a/ ax — x —~fy 202 — x* dz, 
{t= axdaz {(a—a2)a—@j\dz 
Jhas— 2 . / aes 2 


= —ar/2az — # + a®. ver sin-' - 


7 Q Sf /%ae— x . dz 


ee (7 — a) /2az— xv + @* ver sin = 
a 
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I /2ax—@. dex 
_ (x—a)\/2ar—2 @ 
= 


—— i cal | _— 
+ > ver gin 


This integral is used by Earnshaw, in finding the centre of 
gravity of the area of a cycloid. 


xzwdz 
(2.) las 


By for mula of Reduction, 





* a" dz 
\/ az + w# 


tae ta a(2n— 1) wdxr . 
a n n ' /%a+ xe 


If n = 2, this gives / Ss us 
aX + 


Wig hae > f/{ SS xdx 
_ J tart 


, d 
Also {eS 
J fax +2 








= /2azr+a@'—a her rrce | 
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And fos — = log fe +a+ J az + 2°}, 





; [- xrdz 
J /axr+x 
= f/2laz+ 2 —alog{a+t+a+t 2am + 2t. 
ee oe 
oe vdz a2VRarte 8a) ye 
\/2an + aw 2 2 


8 a? a 
To log {a + a + \/ 2ax + 2}. 
° rdz 
eo J (Qax — x’) 


letp=a dp=daz, dq age 


= (Qaz — x?) | 


zdz 


q =) G3 ee =f Qa—2)-3 aida= 


Sf (2a27) — 1)73 a dx 


. xX —Qaax dx 


l » 
eas meg ne Qa) — 1 
= ag. / 22 ) 


= (Raa ca 1)-3 = 1 rr 


a a 2a—x 
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f pdq=pq— fqdp 
woke x af Ja. dx 
 @ 24— 0 al /ta—a 
Ragu t adz 
~ @ Q2a—-n2 oS Jesse 


but by the formula of reduction, 








rdzx z 
=—/2an- # - + a vers - 
a’ 


SWS / dar — x — x? 
vd 
errr — 2’) 


x a. 7 1 ——__—_—___ zr 
2S gig t Laer ve f 


taken between the limits of 0 and a, 


0 2 
fs ale tao = 40m. 
a (2ax — x”) 2 2 


This integral is used in Barlow on the strength of mate 
‘lals. See pages 364, 365. 





Sle 


(4 If +a‘ =(; gees + 5; tnt Z) 


Y 7 


' dz ] 
Of Gry =ueth tai i 
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. dx 
©) (e+ a) (@ + By 


_ ] i rta a. ax+b 
~ (+ by 8 apg | Ube +) +h 











a(a’ + 3b) i 
Dk vile he 9 
2b /b(a’ + b) Jb 
> aida 
ee (a + br’) 
ss 5a} “<r ) 1 3 ’ dz 
7 — (a * SF) (apap ap a + bx? 
xdz ] a: l 2a 
( Ge tap BC + bz) — A cate Bb 8 (a + bz). 


The formula of reduction 





9.) f dz J/1l—# 
( ; oe" /1l—2 (m—1)a 
m—2 
1 Ses 


gives the following integrals, taking m odd 
f aad ay = — og (1K #) 4 
Z J l—s# © 


, dz A iol 
S 5937 - GS aS 


f de _Vi-# 








2D Sf/l—2 4at ITS 
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dz 5 8 So 
| oF BIS 


Taking m even 





| — 
fo /l— ee x 


xt y/1—2’ —- a /i—s 
&e. 
The following integrals may be done by the general form 


a 


/ z"—"(a + - 





1 , a+be—/a 

Oe a 

Jere \/a a+be+/a 
_V44+8e2 8, V4 t+ 82-2 


aw |; Fa 4a 16 8 /it32+2 
12 _——= == sees, sin! MY 
Pe a Jian” aa ba 


- a a 
oe) Jalatb2)i a /atbz 
1 ge tee 

we /atbet /a 


ee =e + 8a) {5 Ate 











dz 1 2 x 
ee a) mas oy zat) Senta 


| ada 1 2 
16.) Gea’ +23)3 {=(1 + at? — 3 ( + wk) + 1} 
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z™ idx 2(a+bz" ) 8 b27a72* — daba’ + 8a? 
Ot) eres +barjt 5 nb : 


en Pe ee 
as) {a +2) \8(2Qaz+2*) 8 
z+a 
a’ / 2 az+ 2 
eardz eF 
i Tray Tye 
aé 
(20.) Show that e Sites 


~w 


(a1) [evade = QeVz (ai — 82+ 6 /z2— 6). 


: Qeas 
(22.) Sf ertsin? edz ~ a(a® + 4) 
e*7 .sing 
aj+4 
e ecos2x2 esin®s 
2 — — rere | 
(28.) fect a =F + a 


(asin 2 + 2c0s 2), 





> dz tan’ 2 ] 
QA, ————— _—— ——; 
Coser ./ sin? z cos‘ az eens 3 = tan x 
also, show that the integral is 
s| l 8 
Spee eee Cop ek: 
3 sinzcos?’a 3 = 


>» 46 _ 1 fa tan 6 
(25.) J vate 0= FS iF (<1). 


* It is observed by De Morgan, that we are liable, in using artifices of 
integration to produce results which appear different, but which in fact only 
differ by a constant. This discrepancy does not aes hee: the a 
are taken between definite limits, since ga — ¢b — (gb + C), 
are the same. See De Morgan’s Differential and Integral Galonia p. 116. 
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1 / #&—1 cos 6—sin 6 
"26. ) [— 77 3 10g ee 
—F cos 6 Q2/1—? / #— 1 cos 6 + sind 











(«> 1). 
dé ea 
QT. See ie cieiraeetveroeee eee ees ae tan 
Vif eave ea 3 (a6 +1) cos? (a6+6) °6 ny 2 
aah seen eee pn 
a ee (a6+6) 2 (sin’a6+b) 
dé vers 206 
ae) I sex cosee 6 = 4 
29.) [de cosec 2 6= ; log tan 6, 
> 6 ] 
80. —— = - 
20°) Pains a i ic 
1 1 + sin 26 
81. i = LB a ee 
a) LC Ot 8 Tans 
d 0 1 1 ] 6 
82. ae oe ts — 
) sin? @cos@ 3sin® 6 _ sin @ + 5 log tan( 45 + 5) 
*sin® 6d 0 
33.) [ap = 008 6 + see 8, 
dé 1 
oe) Sz fee ace ee 
‘sin? 6d 6 sin? 6 Q 
ae JS cos’ @ 5 cos’6 5-7 cos’ O 
a ae oe Los 
36.) f /, r sin @dOd7r = — {R — r°) (cos 6 — cos @). 


This integral is used by Professor Moseley on the arch. 
3ee the ‘“ Mechanical Principles of Engineering and Archi- 
ecture,” page 467. 


(37.) AOB is a quadrant of a circle, O its centre; draw any 
shord BED. and OE overnendicular to it. nnon ehinh take 
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OP equal to half the cosine of the arc BD, and determine 
the quadrature of the locus of P. 

(38.) CP and CD are conjugate diameters of an ellipse, of 
which the semiaxes are a and 6; PF is perpendicular to DC: it 
is required to find the area of the curve, which is the locus of F. 

(39.) A right line drawn from a given point cuts a given 
circle, and the intercepted chord is the minor principal axis 
of an ellipse, whose area is equal to that of the given circle. 
Find the quadrature of the curve described by the vertex 
of the ellipse. 

(40.) Supposing the arc of a semicircle to be stretched out 
into a straight line, and an indefinite number of perpendiculars 
erected on it, each equal to the versed line of the correspond- 
ing arc; what would be the length of the curve traced out by 


the tops of the perpendiculars ? 


(41.) The polar equation to the parabola is r= : a: show 


2 
cos’ = 
P} 





@ | 6 
ee a ie 3 
that the area = a (tans +5 tan 5). 


(42.) The equation to the lemniscate being (2 + 9’)? = 2? 
— y’, find its area between the limits of a= 0 and « = 1. 

(43.) Let the base AB of a right-angled plane triangle be 
given, and in the variable hypothenuse AC, let there be con- 
tinually taken CP equal to the perpendicular CB. Find the 
equation and quadrature of the curve, which is the locus of 
the point P. 

(44.) ACB is a given quadrant of a circle; A the centre, 
and D any point in the curve. Draw OD perpendicular to AB, 
and take DP = BO; then the area of the curve, which is 
the locus of P, will be = the circular segment C DBC. 

(45.) The ee BC of aright-angled triangle A BC 
is given, and in the variable hypothenuse AC, let AP be 
taken, so as always to be equal to BC; required the distance 
BP of nearest approach, and the quadrature of the curve, 
which is the locus of P. 

(46.) Find the content of the solid generated by the revo- 
lution of the curve, whose equation is (a + #) y* — a 
(a? — a’) = 0; about the axis of 2. 


